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Abstract

We describe a Quantum Computer Emulator for a generic, general purpose Quantum Computer. This emulator consists of
a simulator of the physical realization of the quantum computer and a graphical user interface to program and control the
simulator. We illustrate the use of the quantum computer emulator through various implementations of the Deutsch—Jozsa and
Grover's database search algorithm2000 Elsevier Science B.V. All rights reserved.

PACS:03.67.Lx; 05.30.-d; 89.80.+h; 02.70Lq

1. Introduction

Recent progress in the field of quantum information processing has opened new prospects to use quantum
mechanical phenomena for processing information. The operation of elementary quantum logic gates using ion
traps, cavity QED, and NMR technology has been demonstrated. A primitive Quantum Computer (QC) [1-4] and
secure quantum cryptographic systems have been build [5—-7]. Recent theoretical work has shown that a QC has
the potential of solving certain computationally hard problems such as factoring integers and searching databases
much faster than a conventional computer [8—13].

The fact that a QC might be more powerful than an ordinary computer is based on the notion that a quantum
system can be in any superposition of states and that interference of these states allows exponentially many
computations to be done in parallel [14]. This intrinsic parallelism might be used to solve other difficult problems
as well, such as, for example, the calculation of the physical properties of quantum many-body systems [15-18].
In fact, part of Feynman'’s original motivation to consider QC'’s was that they might be used as a vehicle to perform
exact simulations of quantum mechanical phenomena [19].

Just as simulation is an integral part of the design process of each new generation of microprocessors, software to
emulate the physical model representing the hardware implementation of a quantum processor may prove essential.
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In contrast to conventional digital circuits (which may be build using vacuum tubes, relays, CMOS, etc.) where
the internal working of each basic unit is irrelevant for the logical operation of the whole machine (but extremely
relevant for the speed of operation and the cost of the machine of course), in a QC the internal quantum dynamics
of each elementary constituent is a key ingredient of the QC itself. Therefore it is essential to incorporate into a
simulation model, the physics of the elementary units that make up the QC.

Theoretical work on quantum computation usually assumes the existence of units that perform highly idealized
unitary operations. However, in practice these operations are difficult to realize: Disregarding decoherence, a
hardware implementation of a QC will perform unitary operations that are more complicated than those considered
in most theoretical work. Therefore it is important to have theoretical tools to validate designs of physically
realizable quantum processors.

This paper describes a Quantum Computer Emulator (QCE) to emulate various hardware designs of QC's.
The QCE simulates the physical processes that govern the operation of the hardware quantum processor, strictly
according to the laws of quantum mechanics. The QCE also provides an environment to debug and execute
guantum algorithms (QA's) under realistic experimental conditions. This is illustrated for several implementations
of the Deutsch—Jozsa [20,21] and Grover's database search algorithm [12,13] on QC'’s using ideal and more
realistic units, such as those used in the 2-qubit NMR QC [3,4]. Elsewhere [18] we present results of a
QA to compute the thermodynamic properties of quantum many-body systems obtained on a 21-qubit hard-
coded version of the QCE. The QCE software runs in a W98/NT4 environment and may be downloaded from
http://rugth30.phys.rug.nl/compphys/gce.htm.

2. QCE: Quantum Computer Emulator

Generically, hardware QC's are modeled in terms of quantum spins (qubits) that evolve in time according to the
time-dependent Schrédinger equation (TDSE)
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describes the state of the whole QC at tim&he complex coefficienta(|, |,..., {;6),...,a(t, 1, ..., 1)
completely specify the state of the quantum system. The time-dependent Hamilkbfajatakes the form [22]
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where the first sum runs over all paiPsof spins (qubits)S;?‘ denotes therth component of the spin/2 operator
representing thgth qubit, J; ; (r) determines the strength of the interaction between the qubits lajeled
k, hjq«o0(t) andhj e 1(r) are the static (magnetic) and periodic (RF) field acting onjthespin, respectively. The
frequency and phase of the periodic field are denotef} hyandg; . The number of qubits is and the dimension
of the Hilbert spaced = 2~

Hamiltonian (3) is sufficiently general to capture the salient features of most physical models of QC's.
Interactions between qubits that involve different spin components have been left out in (3) because we are not
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aware of a candidate technology of QC where these would be important. Incorporating these interactions requires
some trivial additions to the QCE program.

A QA for QC model (3) consists of a sequence of elementary operations which we will call micro instructions
(Mls) in the sequel. They are not exactly playing the same role as Mls do in digital processors, they merely
represent the smallest units of operation the quantum processor can carry out. The action of a Ml on|thg state
of the quantum processor is defined by specifying how long it acts (i.e. the time interval it is active), and the values
of all the J’s andh’s appearing in (3). Thd's and#’s are fixed during the operation of the MIl. A MI transforms
the input statg¥ (r)) into the output staté¥ (r + t)) wheret denotes the time interval during which the Ml is
active. During this time interval the only time-dependencédiqf) is through the sinusoidal modulation of the
fields on the spins.

Procedures to construct unconditionally stable, accurate and efficient algorithms to solve the TDSE of a
wide variety of continuum and lattice models have been reviewed elsewhere [23-26]. A detailed account of the
application of this approach to two-dimensional quantum spin models can be found in [27]. Here we limit ourselves
to a discussion of the basic steps in the construction of an algorithm to solve the TDSE for an arbitrary model of the
type (3). According to (2) the time evolution of the QC, i.e. the solution of TDSE (1), is determined by the unitary
transformatiorU (t + 7, t) = exp, (—i ft’“ H (u)du), where exp denotes the time-ordered exponential function.
Using the semi-group property éf(¢ + t, t) we can write

Ut+t,0)=U({+ms,t+m—21)8)---U(t+25,1+8)U(t+6,1), (4)

wheret =mé (m > 1). In general the first step is to replace edblh + (n + 1)6, t + nd) by a symmetrized Suzuki
product-formula approximation [23,29]. For the case at hand a convenient choice is (other decompositions [27,30]
work equally well but are somewhat less efficient for our purposes):

U(t+ (n+ 18,1 +n8) ~U(r + (n +1)8, 1 +né), (5a)
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Note that in (6) we have omitted the time dependence ofth@nd thei’s to emphasize that these parameters are
fixed during the execution of a particular Ml.

Evidently U ( + 7, 1) is unitary by construction, implying that the algorithm to solve the TDSE is uncondition-
ally stable [23]. It can be shown th@t/ (1 +7,7) — U(t +7,1)| < 82, implying that the algorithm is correct to
second order in the time-sté23]. If necessaryl/ (r + 7, t) can be used as a building block to construct higher-
order algorithms [31-33]. In practice it is easy to find reasonable valuessafch that the results obtained no
longer depend om (andé). Then, for all practical purposes, these results are indistinghuisable from the exact
solution of the TDSE (1).

As already indicated above, as basis stfes)} we take the direct product of the eigenvectors ofslj.ne(i.e.
spin-uplt); and spin-down\) ;). In this basis g?*#:(1+n+1/29)/2 changes the input state by altering the phase of
each of the basis vectors. A& is a sum of pair interactions it is trivial to rewrite this operation as a direct product
of 4 x 4 diagonal matrices (containing the interaction-controlled phase shifts) antl4hit matrices. Hence the
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computation of exp-is H,(t + (n + 1/2)8)/2)|¥) has been reduced to the multiplication of two vectors, element-
by-element. The QCE carries oGk(P2L) operations to perform this calculation but a real QC operates on all
gubits simultaneously and would therefore only nékd) operations.

Still working in the same representation, the action 0f & (+("+1/29/2 can be written in a similar manner
but the matrices that contain the interaction-controlled phase-shift have to be replaced by non-diagonal matrices.
Although this does not present a real problem it is more efficient and systematic to proceed as follows. Let us
denote byX ()) the rotation byr /2 of all spins about the (y)-axis. As

e i8Hy (t+(1+1/2)8)/2 _ y 3t gid Hy(14(n+1/2)8)/2 y
= X idH (+(n+1/28)/2 31 @)

it is clear that the action of @w3H (+n+1/28)/2 can be computed by applying to each qubit, the invers& of
followed by an interaction-controlled phase-shift atid The prime in (7) indicates thak ; ., 4; .0, ki ;1 and
fi.z in H;(t + (n + 1/2)8) have to be replaced b ; y, h; y.0, hiy,1 and f; ,, respectively. A similar procedure
is used to compute the action oféfx(+(+1/2)9): \We only have to replac& by ). The operation counts for
e 10 (t+(n+1/2)8) (g g 18Hy 1+ +1/2)0)/2) gre O((P + 2)2L) and O(P + 2) for the QCE and QC, respectively.
On a QC the total operation count per time-ste@{8P + 4).

The operation count of the algorithm described above (and variations of it, see, e.g., [27]) increases linearly
with the dimensiorD of the Hilbert space, and cannot be improved in that sense (although there may be room for
reducing the prefactor by more clever programming). On the other hand one might be tempted to think that for
small D the cost of an exact diagonalization of the time-dependent Hamiltonian (3) at each timerstgpbe
compensated for by absence of intermediate time-steper the problem at hand this is unlikely to be the case:
The sinusoidal terms in (3) require the use of a time-step that is much smaller than the time-step that guarantees a
high accuracy of the Suzuki product formula. Therefore in practice for time-dependent Hamiltoni&e=(8)s0
that disregarding implementation issues, the running time of the algorithm is very close to the theoretical limit.

3. Graphical user interface

The QCE consists of a QC simulator, described above, and a graphical user interface (GUI) that controls the
former. The GUI considerably simplifies the task of specifying the Mls (i.e. to model the hardware) and to execute
guantum programs (QPs). The QCE runs in a Windows 98/NT environment. Using the GUI is very much like
working with any other standard MS-Windows application. The maximum number of qubits in the version of the
QCE that is available for distribution is limited to eight. The QCE is distributed as a self-installing executable,
containing the program, documentation, and all the QPs discussed in this paper. These QPs also illustrate the use
of the GUI itself.

Some of the salient features of the GUI of the QCE are shown in Figs. 1-4. The main window contains a window
that shows the set of Mls that is currently active and several other windows (limited to 10) that contain QPs. Help
on a button appears when the mouse moves over the button, a standard Windows feature.

Writing a QA on the QCE from scratch is a two-step process. First one has to specify the Mls, taking into account
the particular physical realization of the QC that one wants to emulate. The “MI” window offers all necessary tools
to edit (see Fig. 2) and manipulate (groups of) Mls. The second step, writing a QP, consists of dragging and
dropping Mls onto a “QP” window.

Each MI set has two reserved Mls: A break point (allowing the QP to pause at a specified point) and a Ml to
initialize the QC. Normally the latter is the first instruction in a QP. Each QP window has a few buttons to control
the operation of the QC.

The results of executing a QP appear in color-coded form at the bottom of the corresponding program window.
For each qubit the expectation value of the three spin components are shHwnl/2 — (5%) (@ = x, y, z), green
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corresponds to 0, red to 1. Usually only one row of values ftegemponent) will be of interest. Optionally the
QCE will generate text files with the numerical results for further processing.

The QCE supports the use of QPs as Mis (see Figs. 3, 4). QPs can be added to a particular Ml set through
the button labeled “QP”. During execution, a QP that is called from another QP will call either another QP or a
genuine MI from the currently loaded set of Mls. The QCE will skip all initialization Mls except for the first one.
This facilitates the testing of QPs that are used as sub-QPs. A QP calling a Ml that cannot be found in the current
MI set will generate an error message and stop.

4. Applications

Our aim is to illustrate how to use the QCE to simulate the QC implemented using NMR techniques [1-4].
A classical coin has been used to decide which of the two realizations (i.e. [1,2] or [3,4]) to take as an example.
In the NMR experiments [3,4] the two nuclear spins of the &nd3C atoms in a carbon-13 labeled chloroform)
molecule are placed in a strong static magnetic field irHthealirection. In the absence of interactions with other
degrees of freedom this spin-A system can be modeled by the Hamiltonian

H=—J12.5{5;—h1;08] —h2:055, (8)

whereh1 ; o/2m ~ 500 MHz,hy ;. o/27% ~ 125 MHz, and/1 2 ;/2r ~ —215 Hz [3]. It is amusing to note that the
most simple spin-12 system, i.e. the Ising model, can be used for quantum computing [34-38].

In the chloroform molecule the antiferromagnetic interaction between the spins is much weaker than the coupling
to the external field and (8) is a diagonal matrix with respect to the basis states chosen, the ground state of (8) is
the state with the two spins up. Following [3] we denote this stat®By= |0) ® |0) =|11), i.e. the state with spin
up corresponds to a qubd). A state of thev-qubit QC will be denoted byx1xo...xx) = [x1) ® |x2) ... |xN).

Itis expedient to write the TDSE for this problem in frames of reference rotating with the nuclear spin. Formally
this is accomplished by substituting in (1)

}qj(t)> — eit(hl,z,oSi-l-hz,z,oSﬁ)|11/(t)>’ (9)

so that in the absence of RF-fields the time evolutiow¢f) is governed by the Hamiltoniali = —J1 2 ;57 55.

This transformation removes from the sequence of elementary operations, phase factors that are irrelevant for the
value of the qubits. Indeed, as the expectation value of a qubit is related to the expectation valueohtpenent
of the spin:

0;=0j=3—(20|S|oW), (102)
and
(@ ()| S5 @ (1)) = (W (1) |7 12051 Hh22057) g2 it 2081 Hh2205) |y 1))
=(w®|S3|w @) (10b)

From (10) it is clear that transformation (9) has no net effect. This is not the case for the expectation values of the
x or y component of the spins: The phase factors induce an oscillatory behavior, reflecting the fact that the spins
are rotating about the-axis (see (A.17) for an example). In the following it is implicitly assumed that the basis
states of the spins refer to states in the corresponding rotating frame.

We now discuss the implementation on the QCE of two QA's that have been tested on an NMR QC [1-4].

4.1. Deutsch—Jozsa algorithm

This QA [20,39] and its refinement [21] provide illustrative examples of how the intrinsic parallelism of a QC
can be exploited to solve certain decision problems.
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Table 1
Input and output values @onstant( f1(x), f2(x)) andbalancedfunctions (f3(x), f4(x)) of one input bitx
x J1(x) J2(x) J3(x) Ja(x)
0 0 1 0 1
1 0 1 1 0
Table 2

Input and output values @onstant( f1(x), f2(x)) andbalancedfunctions (f3(x), fa(x), f5(x)) of three input bitst = {x1, x5, x3}. Note that
fa(x) only depends on, and is therefore rather triviallpalanced

Sf1(x1, x2, x3) Sfa(x1, x2, x3) f3(x1. x2, x3) fa(x1,x2,x3) fo(x1, x2, x3)
0 0

=
=
=
N
=
w

b O B O B O +» O
P P O O Kk B O O
B B O O O O
o O O o o o o o
i
B P O B O O O

P P O O Kk KLk O
m O O B O Kk .

Consider a functiorf = f(x1, x2, ..., xy) =0, 1 that transforms th& bits {x, = 0, 1} to one output bit. There
are three classes of functiorfs Constantfunctions, returning O or 1 independent of the input}, balanced
functions that givef = 0 for exactly half of the 2 possible inputs angt = 1 for the remaining inputs, arather
functions that do not belong to one of the two other classes. Some examglesstdntandbalancedfunctions
are given in Tables 1 and 2.

The Deutsch—Jozsa (D-J) algorithm allows a QC to decide whether a functionstanbr balancedgiven the
additional piece of information that functions of the tyg@erwill not be fed into the QC. For a function of one
input variable the D-J problem is equivalent to the problem of deciding if a coin is fair (has head and tail) or fake
(e.g., two heads). In the case of the coin we would have to look at both sides to see if it is fair. A QC can make a
decision by looking only once (at the two sides simultaneously).

In the NMR experiment the two qubits of the QC (i.e. the two nuclear spins of the chloroform molecule) are
used during the execution of the D-J algorithm although in principle only one qubit would do [21]. However our
aim is to simulate the NMR-QC experiment and therefore we will closely follow Ref. [3]. Accordingly the first
qubit is considered as the input variable, the other one serves as work space.

Before the actual calculation starts the QC has to be initialized. This amounts to setting each of the two qubits to
|0). On the QCE this is accomplished by the Ml “Initialize”, a reserved Ml name in the QCE (see above). The first
step in the D-J algorithm is to prepare the QC by putting the first qubit in the ¢@te |1))/+/2 and the second
one in(|0) — |1))/+/2 [3]. This can be done by performing two rotations:

Prepares YoV, (11)

whereY; represents the operation of rotatiolgck-wisethe spinj by /2 along they-axis, and?j its inverse
(see Appendix A). In this paper we adopt the convention that all expressions like (11) have to be reaghtom
to left.

The next step is to compute the functigix). Following [3] the twoconstantand twobalancedunctions listed
in Table 1 can be implemented by the sequences
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fi(x) & F1=X2X21 (w/2)X2X21 (10/2), (12a)
f2(x) & F2=1(7/2)X2X21 (7 /2), (12b)
f3(x) & F3=Y1X1Y1X2Y 2l (7)Y2, (12c)
fa(x) & Fa=Y1X1Y1X2Y 21 ()Y, (12d)

where X ; denotes theclock-wise rotation of spinj by n/2 along thex-axis, YJ» the inverse operation and

1(a) = 719515 represents the time evolution duerbitself. In Table 3 we show the result of letting the sequences
(12) act on the basis states. It is clear that they have the desired properties. Note that prefactors have no physical
relevance (they drop out when we compute expectation values) anfiithef rather complicated version of the
identity operation.

Finally there is a read-out operation which corresponds to the inverse of the “Prepare”:

ReadOuts Y1Ys. (13)

Note that there is some flexibility in the choice of these sequences. For instance to “Prepare” we could have used
Walsh—Hadamard (WH) transformatioig W» as well.

Upto this point the D-J algorithm has been written as a sequence of unitary operations that perform specific tasks.
Now we consider two different implementations of these unitary transformations: The first one will be physical,
i.e. we will use the QCE to simulate the NMR-QC experiment itself. The second will be “computer-science” like,
i.e. we will use highly idealized, nonrealizable rotations.

NMR uses radiofrequency electromagnetic pulses to rotate the spins [40,41]. By tuning the frequency of the RF-
field to the precession frequency of a particular spin, the power of the applied pulegefsity times duration)
controls how much the spin will rotate. The axis of the rotation is determined by the direction of the applied
RF-field (see [40,41] or Appendix A). A possible choice of the model parameters, corresponding to the actual
experimental values of these parameters, is given in Table 4. For simplicity all frequencies have been normalized
with respect to the largest one (i.e. 500 MHz in the experiments [3,4]). Also note that it is convenient to express
execution times in units of72, the default setting in the QCE.

The results of running the QCE with the Mls simulating the NMR experiment are summarized in Fig. 1. The first
qubit(Q; =1/2— (Sj)) unambiguously tells us that the functiofigx) and f>(x) are constant and thgg(x) and
fa(x) are balanced. Clearly the QCE qualitatively reproduces the experimental results. In the D-J algorithm the
final state of the second qubit is irrelevant. In the final state the numerical value of qubit 1, is only approximately
zero or one (see Table 5). This is a direct consequence of the fact that we are simulating a genuine physical system.

In an NMR experiment, application of a RF-pulse affects all spins in the sample. Although the response of a spin
to the RF-field will only be large when this spin is at resonance, the state of the spins that are not in resonance will
also change. These unitary transformations not necessarily commute with the sequence of unitary transformations
that follow and may therefore affect the final outcome of the whole computation. Furthermore the use of a time-
dependent external field to rotate spins is only an approximation to the simple rotations envisaged in theoretical
work (see Appendix A). This definitely has an effect on the expectation values of the spin operators.

Table 3
Results of letting the sequencEs, ... ., F3 (see(12)) transform the four basis states. Inspection of the outputs demonstrated that these sequences
implement theconstantor balancedfunctions of Table 1

x &) F1|¥) o) F3|¥) Fal¥)

0 |00) —100) i|01) e~i7/4)00) —etin/4|01)
1 |10) —|10) i112) —e~i7/411) etin/4|10)
2 |01) —|01) i100) e~i7/401) —eti7/4|00)
3 112) —|12) i110) —e i7/4|10) etin/411)
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Table 4

Specification of the micro instructions implementing the two-qubit NMR QC on the QCE. Frequencies have been rescaledisyecl thdt
corresponds to 500 MHz. The execution time of each micro instruction is given by the second/2aw. (The inverse of, e.gX1 is found
by reversing the sign of; 1. Note that the QCE is constructed such that a rotation about {hg axis requires a RF-pulse along the
(x)-direction (see Appendix A)

Parameter X1 X5 Y1 Yo I1(/2) I()
/21 10 40 10 40 25¢ 10% 50 x 104
J12. -106 -10°6 -10°6 -10°6 -10°6 -10°6
hivo 0 0 0 0 0 0
h2x.0 0 0 0 0 0 0
h1y.0 0 0 0 0 0 0
h2.y.0 0 0 0 0 0 0
h1.2.0 1 1 1 1 1 1
a0 0.25 0.25 0.25 0.25 0.25 0.25
hix1 0 0 0.05 —0.05 0 0
ho 1 0 0 0.0125 —0.0125 0 0
fix 0 0 1 0.25 0 0
foux 0 0 1 0.25 0 0
P1x 0 0 0 0 0 0
92, 0 0 0 0 0 0
hiy1 —0.05 0.05 0 0 0 0
hoy1 —0.0125 00125 0 0 0 0

fiy 1 0.25 0 0 0 0
fay 1 0.25 0 0 0 0
o1y 0 0 0 0 0 0
92y 0 0 0 0 0 0
h1:1 0 0 0 0 0 0
ho.1 0 0 0 0 0 0
fiz 0 0 0 0 0 0
f2.2 0 0 0 0 0 0
91, 0 0 0 0 0 0
o 0 0 0 0 0 0

With the QCE it is very easy to make a detailed comparison between physical and idealized implementations of
QCs: We simply replace the set of MiIs (“NMR”) by another one (“Ideal”, or “NMR-Ideal”) and rerun the QPs by
simply clicking on the execute buttons. The model parameters we have chosen to implement the “ideal” operations
are listed in Table 6. The set “NMR-Ideal” is a copy of “NMR” (see Table 4) except that the RF-pulses only affect
the spin that is in resonance, i.e. all operations on quhbiven; , ; =hay ; =0.

The results of executing the QAs for the “Ideal” case are shown in Fig. 2. In the final state the qubits are exactly
|0) or |1), as expected. The state of the second qubit not always matches the corresponding state of Fig. 1. As
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Fig. 1. Picture of the Quantum Computer Emulator showing a window with a set of micro instructions implementing an NMR quantum computer
and windows with four Deutsch—Jozsa programs (d-j1, d-j4), one for each functiof1(x), ..., fa(x)) listed in Table 1. The final state of

the QC, i.e. the expectation value of the qubits (spin operators), is shown at the bottom of each program(grieeiow |0), red= |1)). The
numerical values appear if the cursor moves over the qubit area.

Table 5

Final state of the QC after running the D-J algorithm for the case of the ideallQC>, see Table 5) and the NMR-QQf, 02, see Table 4).

The results 01, Q) have been obtained by modifying the NMR MI's such that the RF-pulses only affect the spin that is in resonance. The last
two rows show the results of running the refined version [21] of the D-J algori@ynldeal operationg;: NMR implementation

f1(x) Sfa(x) f3(x) fa(x)
01 0.000 0.000 1.000 1.000
02 0.000 0.000 0.000 0.000
01 0.169 0.064 0.867 0.867
0, 0.999 1.000 0.001 0.002
01 0.000 0.000 0.998 0.998
0> 1.000 1.000 0.001 0.001
o 0.000 0.000 1.000 1.000
01 0.000 0.000 0.995 0.996

mentioned above this is due to the approximate nature of the operations used in the NMR case, but as the final
state of the second qubit is irrelevant for the D-J algorithm there is no problem. In Table 5 we collect the numerical
values of the qubits as obtained by running the D-J algorithm on the NMR and ideal QC. Itis clear in that all cases
the D-J algorithm gives the correct answer.
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Table 6
Specification of the micro instructions implementing a mathematically perfect two-qubit QC on the QCE. The execution time of each micro

instruction is given by the second row/@r). The inverse of, e.gX1 is found by reversing the sign @f , o. Model parameters omitted are
zero for all micro instructions

Parameter X1 X5 Yy Yo 1(7/2) I()
t/21 0.25 0.25 0.25 0.25 25 104 50x 10*
2.2 0 0 0 0 —10°6 -10°6
h1x.0 +1 0 0 0 0 0
h2.2.0 0 -1 0 0 0 0
h1y.0 0 0 +1 0 0 0
h2.y.0 0 0 0 -1 0 0

Fig. 2. Picture of the Quantum Computer Emulator showing a window with a set of micro instructions implementing an ideal quantum computer
and windows with four Deutsch—Jozsa programs (d-j1, d-j4), one for each functionff (x), ..., f4(x)) listed in Table 1. Also shown is a
window for editing micro instructions, which appears by double-clicking on a micro instru¢d@nn this example). The final state of the
qguantum computer, i.e. the expectation value of the qubits (spin operators), is shown at the bottom of each programgvéadewO0),
red=|1)). In this ideal case the expectation values are either zero or one.

4.2. Collins—Kim—Holton algorithm

From the description of the D-J algorithm of one variable [3, Fig. 1] it is evident that the second qubit is
redundant because the function call (step T2 in [3]) leaves the state of the second qubit, i.e. the work space,
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untouched. A refined version of the D-J algorithm (for an arbitrary number of qubits) that does not require a bit for
the evaluation of the function is given in [21]. For one variable, the QC has to compute the function

1
fi ) (=1/iWx).

x=0

Following [21] this may be accomplished via grcontrolled gate defined by

Uslx) = (=17 Ox).

Accordingly, once choice (there are several) of the set of sequences that implements the refined version of the D-J

algorithm reads:

11

(14)

(15)

Prepares Y1, (16a)
J1(x) & F1= WiWy, (16b)
fo(x) & F2 = X1X1, (16c¢)
f3(x) & F3=Y1X1Y1Y1X1Y1, (16d)
fa(x) & Fp = Y1Y1?1Y1Y171, (16e)

ReadOuts Y. (16f)

The results of running these QPs on the QCE are given in Table 6. It is clear that the refined version performs as
expected.

4.3. Grover’s database search algorithm

On a conventional computer finding a particular entry in an unsorted list efements requires of the order
of N operations. Grover has shown that a QC can find the item using@uly attempts [11,12]. Consider the
extremely simple case of a database containing four items and fungtiens j =0, ..., 3, that upon query of
the database return minus oneif= j and plus one ifk # j. Assuming a uniform probability distribution for the
item to be in one of the four locations, the average number of queries required by a conventional algorithm is 9
With Grover’s QA the correct answer can be found in a single query (this result only holds for a database with 4
items). Grover’s algorithm for the four-item database can be implemented on a two-qubit QC.

The key ingredient of Grover's algorithm is an operation that replaces each amplitude of the basis states in the
superposition by two times the average amplitude minus the amplitude itself. This operation is called “inversion
about the mean” and amplifies the amplitude of the basis state that represents the searched-for item. To see how this
works it is useful to consider an example. Let us assume that the item to search for corresponds to, e.g., number 2
(g2(0) = g2(1) = g2(3) = 1 andg2(2) = —1). Using the binary representation of integers with the order of the bits
reversed, the QC is in the state (up to an irrelevant phase factor as usual)

%) = 3(100) +110) — [01) +11)). (17)

We return to the question of how to prepare this state below. The opdbattuait inverts states like (17) about
their mean reads

-1 1 1 1 |00)

D— 1 1 -1 1 1) |10

T2 1 1 -1 1 |0

1 1 1 -1 |11)

The mean amplitude of (17) is/4 and we find that
D|¥) = |01), (19a)

(18)
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i.e. the correct answer, and

D?|w) = 3(100) + |10 + |01) + [11)), (19b)
D3w) =—1(100) + [10) — |01) + |11)) = —|¥), (19c)

showing that (in the case of 2 qubits) the correct answer (i.e. the absolute value of the amplji@e=giial to
one) is obtained after,4, 7, ... iterations. In general, for more than two qubits, more than one applicatibni®f
required to get the correct answer. In this sense the 2-qubit case is somewhat special.

The next task is to express the preparation and query steps in terms of elementary rotations. For illustrative
purposes we stick to the example used above. Initially we set the QC in théOflatiee. the state with both spins
up [42] and then transfori®0) to the linear superposition (17) by a two-step process. First we set the QC in the
uniform superposition staté/):

Prepares |U) = W W1|00) = —3(|00) +|10) + |01) + |11)), (20)
where
- ——= i f{1 1
W,-:ijjyjz—xjxjyj:—( 3 ) , (21)
v2\1 -1/,

is the WH transform on qubif which transformg0) to i (|0) + |1))/+/2 (see Appendix A). The transformation
that corresponds to the applicationg@f(x) to the uniform superposition state is

1 0 O |00)
| o 1 o o] 10
=1 09 o0 -1 o] o (22)
0 0 0 |11)
This transformation can be implemented by first letting the system evolve in time:
1(0)|U) = €7™51%2[1(]00) +110) + [01) +|11)]
= 1(e7™/*100) + "/4|10) + eT™/4101) + e /411)). (23)

For the NMR-QC based on Hamiltonian (8) this means letting the system evolve in time (without applying pulses)
for a timero = —n/J12,; (recall J12, < 0). Next we apply a sequence of single-spin rotations to change the
four phase factors such that we get the desired state. The two seqiexkeandY X Y (see Appendix B) are
particularly useful for this purpose. We find

Y1X1Y1Y2X oY o[ 5(€77/4100) + e7™/410) + e7/4|01) + e7'7/4)11))]
— %(e—in/4|00> + e—in/4|10> + e+3in/4|01> + e—in/4|11))
e—in/4
2

Combining (23) and (24) we can construct the seque&hgcéhat transforms the uniform superpositidn) to the
state that corresponds 9 (x):

(100) + 10y — |01) + |11)). (24)

Fo=Y1X1Y1Y2XoY 21 (), (25a)
F1=Y1X1Y1Y2XoY2I (), (25b)
Fo=Y1X1Y1Y2X2Y 21 (1), (25¢)

F3=Y1X1Y1Y2X2Y 21 (7). (25d)



H. De Raedt et al. / Computer Physics Communications 132 (2000) 1-20 13

The remaining task is to express the operation of inversion about the mean, i.e. the/ingeg (18)), by a
sequence of elementary operations. It is not difficult to seePhadn be written as the product of a WH transform,
a conditional phase shift and another WH transform:

D = WiWoPW1W>

1 O 0 0
0 -1 O 0
= W1W> 0 0 -1 0 W1 Wo. (26a)

0O 0 0 -1
The same approach that was used to implernge6t) also works for the conditional phase shift(= — Fp) and
yields

P =Y1X1Y1Y2X2Y 21 (7). 27)
The complete sequendg reads

Uj = WiW2P W1 W2 F;. (28)

Fig. 3. Picture of the Quantum Computer Emulator showing a window with a set of micro instructions for a two-qubit NMR quantum computer
and windows with quantum programs implementing Grover's database search for the four differenfo¢aseg0), ..., g3(x) (g3). This

example also shows the use of quantum programs as micro instructions in other quantum programs. The final state of the QC, i.e. two qubits
shown at the bottom of each program, gives the location (in binary representation) of the item in the database. Note that for the case g1 we were

using single-step mode to execute the program and stopped at f1.
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QE Quantum Computes Emulator ‘
File  Seftings Tools Window Help

Jlola) s [x [ ]x]

Frogiam has finishied
) Start

Progiamhas finished |
3 5tart

" prepare

13

AP invmean 25 inv-mean

- .::.L.L’SJ QF grovd
D@ » n] x| » ] 1X] olgf s n]

Program hg- hedd 3 -~ Program has finished i >

f\:,‘ Start

Program has fiushed
P

Irilialize all qubts to 10> A

Fig. 4. Picture of the Quantum Computer Emulator showing a window with a set of micro instructions for the two-qubit NMR quantum computer
and windows with quantum programs implementing Grover's database search for the four differeggceses., g3(x), using the basic MI's

(grovo, ..., grov3) and calls to other quantum programs (g0, g3). The final state of the quantum computer, i.e. two qubits shown at the
bottom of each program, gives the location (in binary representation) of the item in the database. This final state is no longer a pure basis state
but as the weight of the basis state corresponding to the location of the item is by far the largest the correct answer is easy to infer.

Each sequencE; can be shortened by observing that in some cases a rotation is followed by its inverse. Making
use of the alternative representations of the WH transfdinjsee Appendix B), the sequence for, ejo= 1 can
be written as

—X1X1Y1X2X2Y oY1 X1Y 1Y2X2Y 21 (77)
—X1Y1X2Y 21 (7). (29)

WiWo Fq

The sequences for the other cases can be shortened as well, yielding

Uo= X1Y1X2Y 2l (m)X1Y 1X2Y 21 (1), (30a)
Up=X1Y1X2Y 2l (m)X1Y1X2Y 21 (77), (30b)
Us=X1Y1X2Y 2l (m)X1Y 1X2Y 21 (77), (30c)
Uz =X1Y1X2Y2I (1) X1Y1X2Y 21 (77), (30d)

where inU1 andUa a physically irrelevant sign has been dropped. Note that the binary representativarcflates
into the presence (0) or absence (1) in (30) of a bar on the rightkhoahd X ».
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Table 7
Final state of the QC after running the Grover's database search algorithm for the case of the id@al Q¢, Gee Table 5) and the NMR-QC
(01, 02, see Table 4)

go(x) 81(x) g2(x) 83(x)
01 0 1 0 1
05 0 0 1 1
@1 0.028 0.966 0.037 0.955
@2 0.163 0.171 0.836 0.830

As before, our aim is to use the QCE to simulate the NMR-QC experiment [4]. For the D-J algorithm we already
specified the physical parameters for the elementary operations and we will make use of the same set of MI’s here.
In Figs. 3 and 4 we show the QCE after running the four cgses), ..., g3(x) using the NMR (Fig. 4) Ml's. The
numerical values of the qubits in the final state are given in Table 7, for the ideal and NMR QC. In both cases the
QA performs as it should. In the ideal case, the final state of the QC is exactly eduga{lbnary representation of
integers). Using RF-pulses instead of ideal transformations to perfgBmotations leads to less certain answers:

The final state is no longer a pure basis state but some linear superposition of the four basis states. What is beyond
doubt though is that in all cases the weightof is by far the largest. Hence the QC returns the correct answer.

5. Summary

We have described the internal operation of QCE, a software tool for simulating hardware realizations of
guantum computers. The QCE simulates the physical (quantum) processes that govern the operation of the
hardware quantum processor by solving the time-dependent Schrédinger equation. The use of the QCE has been
illustrated by several implementations of the Deutsch—Jozsa and Grover’s database search algorithm, on QCs using
ideal and more realistic units, such as those of 2-qubit NMR-QCs. Currently the QCE is used to study the stability
of quantum computers in relation to the non-idealness of realizable elementary operations [43].
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Appendix A. Spin-1/2 algebra

Here we present a collection of standard results on sphsystems which are used in the paper and are taken

from [41]. We begin with some notation.
The two basis states spanning the Hilbert space of a two-state quantum system are usually denoted by

It = (é) L W= <2> . (A1)

The three components of the spileoperatoﬁ acting on this Hilbert space are defined by

h(o 1 h(0 —i h(1 O
X - Yy — Rg— A
S 2(1 O)’ S 2(1' 0)’ S 2(0 —1>' A2)
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By convention the representation (A.2) is chosen such|thaind||) are eigenstates of with eigenvalues-#,/2
and—#/2, respectively.
From (A.2) itis clear thatS¥)2 = (5¥)2 = (§%)2 = h2/4 so that

cos<¢’:a> = Cos(g) (é (1)) , (A.3a)

and
. (@S% 2 (o
sin = —sin| = )S%. A.3b
o(5)=5(3) A
The commutation relations between the three spin-components read
(S, SP]=iheqyp, S, (A.4)

where[A, B]= AB — BA, €45, is the totally antisymmetric unit tensod(, = €,.x = €.y = 1, €apy = —€gay =
—€y80 = —€ayp, €aay = 0) and the summation convention is assumed.
Rotation of the spin about an anglearound the axig gives

$%(p, B) = €95 M2 105" /N — 5% Cosp + €4p,, SY SiNg. (A.5)
Of particular interest to quantum computing are rotations alg8taround ther- andy-axis defined by
i S* 1 /1 i
_ ST /2h _
X=¢ _ﬁ(i 1), (A.6a)
and
Sy 1 11
_ TSY/2h _
Y=¢ _ﬁ<—l 1). (A.6b)

The inverse of a rotatio will be denoted asZ and if more than one spin is involved a subscript will be
attached. With our conventian|Y S*Y |1) = —1/2 so that a positive angle corresponds to a rotation in the clock-
wise direction.

Another basic operation is the Walsh—-Hadamard transfériwhich rotates the statg) into (|}) + [1))/+/2
(up to an irrelevant phase factor), i.e. the uniform superposition state. In terms of elementary rotations the Walsh—
Hadamard transform reads

W=X¥=vX2=-XVT=-YX'= é (i _i) (A7)
For example,
W|T)=W(é)=%<i>. (A.8)

We now consider the time evolution of a single spin subject to a constant magnetic field alapaxibeand a
RF-field along ther-axis, i.e. the elementary model of NMR. The TDSE reads

m%!éa)) = —[HoS* + Hi$" sinwr]|@ (1)), (A9)

where|® (¢ = 0)) is the initial state of the two-state system and we have set the phase in (3) to zero for notational
convenience. Substituting (1)) = €'®05 /7|y (1)) yields

d . . .
ihg |¥ (1)) = —[(Ho — w0)S* + H1S" sinwt coswot + H1S” sinwt sinwot || (1)), (A.10)
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which upon choosingg = Hg can be written as
d . - .
ihg | (1)) = —H1[ S sinwt cosHot + S* sinwt sin Hot || (1)). (A.12)

At resonance, i.ew = Hp, we find

H

ih%|l]/(;)) =- [S? + S sin2Hot — S cos 2Hot || (1)). (A.12)

Assuming that the effects of the higher harmonic terms (i.e. the terms ifginehd cos Zot) are small [41] we
obtain

ih%w/(t)) ~ —%Swa(t)), (A.13)
which is easily solved to give

|w (1)) ~ 187120 |y (1 = ), (A.14)
so that the overall action of an RF-pulse of duratioran be written as

| (1 + 1))~ T HOS /NGTHLS /20| p (1)) (A.15)

From (A.15) it follows that application of an RF-pulse of “powerF{; = 7 will have the effect of rotating the spin
by an angle ofr /2 about they-axis. For example,

iTHoS? /h i S” 206y _ oiTHoS?/h T (1 0\, .. 7(0 —i 1
€ € It =¢€ [cos4 (0 1)+zsm4 ;0 0

zieirHoSZ/h< 1)
V2 -1

1 eero/Z
= (_iemr ) (A.16)
In this rotated state the expectation values of the spin components are given by
<T|e—iJTS«"/2he—i‘rH051/hSxei‘rH()SZ/heiﬂS)'/Zh | T = —h cost Ho, (Al?a)
<T|e—inS)’/Zfle—irH[)SZ/ﬁSyel"rHoSZ/fleiJTSy/Zﬁ| 1= —h SinTHO, (Al?b)
(}|ei7S"/2h it HoS /h gz gt HoS* /hgimS” /20 4 _ (A.17¢)

showing that the time of the RF-pulse also affects the projection of the spin an #nal y-axis.
It is instructive to derive the TDSE that corresponds to approximation (A.15). Taking the derivative of (A.15)
with respect ta we obtain

ih%@(r)) = —HoS* — %[S" sinHot + $” cosHot ||® (1)), (A.18)

telling us that the approximate solution (A.15) is the exact solution for an RF-field rotating in space [41]. The fact
that the application of an RF-pulse does egactlycorrespond to a simple rotation in spin space may well be
important for applications of NMR techniques to QC'’s.

Finally we note that our choice of using “sin” instead of “cosot” [41] to couple the spin to the RF-field
merely leads to a phase shift. In the former case rotating the spin aroundatkie requires a pulse along the
y-axis, whereas in the latter the pulse should be applied along-thés [41].
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Appendix B. Basic operations

Below we list a number of identities that are useful to compute by hand the action of the sequences appearing
above. The convention adopted in this paper is that

o-m=(5):  w=w=(}) (B.1)
A straightforward calculation yields:
1 1
X[0) = —(|0) +i|1)), X|1) = —(i|0) + |1)), B.2
|0) ﬁ(|>+l|>) |1) ﬁ(l|>+|>) (B.2a)
_ 1 _ 1
X|0) = —(|0) — i|1)), X|1) = —(—i]0) + |1)), B.2b
I)ﬁ(|>l|)) I)\/z(ll)+|>) ( )
Y|0) = i(|0) — 1)) Y|l = i(|0> +11)) (B.3a)
V2 ’ V2 ’ '
_ 1 1
Y10) = —(|0) + |1)), Y1) = —(—|0)+ |1 B.3b
10) ﬁ(|)+|>) 11) 2(|>+|)) ( )
Y[i(lo) - |l>)} =-11) Y[i(lo) + |1>)} =10) (B.4a)
V2 - 2 o '
r1 I
Y| —=(0) — 1)) | = 0), Y| —=(0)+ 1) | =1 B.4b
[ﬁ(|> |>)} |0) [Z(I)Jrl))} |1) ( )
XX|0) =i|1), XX|1) =i|0), (B.5a)
YY|0) = —|1), YY|1) = |0), (B.5b)
xrio = 0 - xriy =" 0+ 1 B.6
|>_ﬁ(|)_|>) |>_ﬁ(|>+|>) (B.6a)
XrO =& (0 - 1 XY= S (0 + 11 B.6b
|>_ﬁ(|)_|>) |>_ﬁ(|>+|>)’ (B.6b)
X710 = T 0y 4+ 11 X7 = o+ B.6
10) = ﬁ(|)+|>)’ 1) = ﬁ(_|)+|)) (B.6c)
x70= 0+ 11 x-S o B.6d
|>_ﬁ(|>+|))’ |>_ﬁ(_|>+|>) (B.6d)
YXY|0) = et™/40), YXY|1) =e /41, (B.7a)
YXY|0) = e "/40), YXY|1) =etm/4 1y, (B.7b)
YXY|0) = et7/41), YXY|1) = —e7/40), (B.7¢)
YX Y|0) = e "/40), YX Y|1) = eti7/4)1), (B.7d)
W=X2Y=vx>=-XY=-YX°, (B.8a)
i i
W|0) = —(]0) + |1)), W|1l) = —(]0) — |1)), B.8b
|>ﬁ(|)+|>) |>ﬁ(|)|>) ( )
W?2|0) = —|0), W2|1) = —|1). (B.8c)
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