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Abstract

The Quantum Computer Emulator (QCE) described in this paper consists of a simulator of a generic,
general purpose quantum computer and a graphical user interface. The latter is used to control the sim-
ulator, to define the hardware of the quantum computer and to debug and execute quantum algorithms.
QCE runs in a Windows 98/NT/2000/ME/XP environment. It can be used to validate designs of
physically realizable quantum processors and as an interactive educational tool to learn about quantum
computers and quantum algorithms. A detailed exposition is given of the implementation of the CNOT
and the Toffoli gate, the quantum Fourier transform, Grover’s database search algorithm, an order finding
algorithm, Shor’s algorithm, a three-input adder and a number partitioning algorithm. We also review
the results of simulations of an NMR-like quantum computer.
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1. Introduction

Recent advances in quantum information processing has opened new avenues for using quantum phe-
nomena to perform computation [1]. Quantum computers (QCs) may solve problems such as factor-
ing integers [2, 3] and searching databases [4, 5] faster than a conventional computer. The potential
power of a QC stems from the fact that a quantum system can be in a superposition of states, al-
lowing exponentially many computations to be done in parallel [1, 6, 7, 8, 9, 10]. Candidate technolo-
gies for building quantum gates include ion traps, cavity QED, Josephson junctions, and NMR, technol-
ogy [1, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36].

Just as simulation is an integral part of the design process of each new generation of microprocessors,
software to emulate physical models of quantum processors may prove essential. In contrast to conventional
digital circuits where the internal working of each basic unit is irrelevant for the logical operation of the
whole machine, the internal quantum dynamics of each elementary gate is a key ingredient of the QC itself.
Therefore it is essential to incorporate into a simulation model, the physics of the elementary units that
make up the QC.

Theoretical work on quantum computation usually assumes the existence of units that perform highly
idealized unitary operations. However, in practice these operations are difficult to realize: Disregarding
decoherence, physical QCs will perform unitary operations that are more complicated than those considered
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in most theoretical work. Therefore it is important to have theoretical tools to validate designs of physically
realizable quantum processors.

The Quantum Computer Emulator (QCE) described in this paper, is software designed to simulate
physical models of QC hardware. The QCE consists of a simulator of a generic, general purpose QC and a
graphical user interface [37, 38]. The simulator simulates the physical processes that govern the operation
of the hardware quantum processor, strictly according to the laws of quantum mechanics. The graphical
user interface is used to control the simulator, to define the physical realization of the QC and to debug and
execute quantum algorithms (QAs). The QCE runs in a Windows 98/NT/2000/ME/XP environment [38].
It can be used as a research tool to validate designs of physically realizable quantum processors and as an
educational tool to learn about QCs and QAs in an interactive way. In the current version of QCE (8.1.0)
the maximum number of qubits is sixteen.

This paper contains a first detailed account of how the QCE can be used to simulate ideal and physical
QCs. A description of the internal working of the simulator itself can be found elsewhere [37, 39]. We
discuss the implementation of basic QC gates (CNOT and Toffoli gate) and more complicated applications
such as Grover’s search algorithm and the quantum Fourier transform on an ideal QC. We also present the
implementation of algorithms to find the order of a permutation, Shor’s factoring algorithm, a three-input
adder and an algorithm to solve the number partitioning problem on an ideal QC. We briefly review some
of our earlier work on the simulation of a physical NMR-like model of a QC [40].

2. Quantum Computers

2.1. Qubits

In a QC, the basic unit of information is a quantum bit or qubit. Whereas bits can take the logical values
0 and 1, a qubit can be in any linear superposition of the two states |0) and |1)

Q=0l0)+p1) ; afel, (1)

where |a|? and |3|? denote the frequencies of occurrence of both states |0) and |1), respectively. Hence, in
one qubit an infinite amount of classical information can be encoded. The principles of quantum mechanics,
however, do not allow to retrieve this information. If a measurement is performed on the qubit, the state |0)
(]1)) is measured with a frequency which is proportional to |a|? (|3]|?). What is then so special about a QC?
Consider a classical memory register consisting of three bits. At a certain point in time this register can store
one out of 22 = 8 possible numbers, namely in digital notation 000, or 001, or 010, ... or 111. A quantum
register with three qubits, however, can store all eight possible numbers in a superposition at a certain point
in time. If the quantum register is in the superposition of the eight states, operations can be performed on
the eight numbers simultaneously. This is called quantum parallelism. On a classical computer, the same
operation needs to be performed eight times or the operation has to be done on eight processors of a parallel
computer. The QC is thus a massive parallel computer.

The qubits on an ideal QC are ideal two-state quantum systems. Therefore, the operation of an ideal
QC does not depend on the intrinsic dynamics of its qubits. A physically realizable QC, on the other hand,
is a many-body system in which the dynamics of the qubits is essential to its operation. In what follows we
represent the qubit by a spin-1/2 system. The two basis states spanning the Hilbert space are denoted by
(1 = (10) = (0] and (1 | = (01) = (1.

2.2. Models

QC hardware can be modeled in terms of qubits that evolve in time according to the time-dependent

Schrodinger equation (TDSE)
0

i512(0) = H(®)|2(t), (2)
in units such that & = 1. For pedagogical reasons we consider a three-qubit QC. The state
@) =a(l, L, O L LD +all, LTGONLL D+ +all, T, 501,71, 1), (3)
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describes the state of the whole QC at time ¢. The complex coefficients a(], |, |;t),...,a(T, T, ;t) completely
specify the state of the quantum system. For the time-dependent Hamiltonian we take

3
H(t) = —J5(6)S585 — Jis(t)S7 S5 — J5(t)S595 = > > HX(t)SS, (4)

j=1 a=x,y,z

where S’}X denotes the a-th component of the spin-1/2 operator representing the j-th qubit, quk (t) determines
the strength of the interaction between the spins labeled j and k, and Hj‘x(t) represents the external field
acting on the j-th spin. In terms of spin matrices, the expectation values @ of the three components of
qubit j are given by

Q5 =5 - (59, )

The physical system defined by (4) is sufficiently general to serve as a physical model for a generic
(three-qubit) QC at zero temperature without coupling to other degrees of freedom (e.g. interactions with
the environment). For instance, it includes the simplest (Ising) model of a universal QC [7, 41]

3
Higeal = —J(S7 S5 + 5785 +5555) = > > H{(1)S. (6)

j=1 a=x,y,z

Specific candidate hardware realizations of (4) include linear arrays of quantum dots [29], Josephson
junctions [21] and NMR systems [15, 16, 17, 18, 31, 32, 33, 34]. An approximate model for the linear arrays
of quantum dots reads

3 3
ZE S5S5 — Y HI(H)ST + Eo Y P(1)S3, (7)
j=1 j=1

where E; = Ey (Ej = 2Ep) when j is odd (even) and Hf(t) and P;(t) are external control parameters [29].
Projection of the Josephson-junction model onto a subspace of two states per qubit yields [20, 25]

2

H(t) = —2E(t Z SY EJZSl ZH Sz, (8)

where the energy of the Josephson tunneling is represented by E; and E(t) denotes the energy associated
with the inductive coupling between the qubits [20, 25]. Here H?(t) and E(t) may be controlled externally.
The model Hamiltonian for a three-qubit NMR-QC is given by (4) whith

HE(t) = hY + RS sin(2m f&t + o), (9)

where h$ and fNL;X represent the static (magnetic) and periodic (RF) field acting on the j-th spin respectively.
The frequency and phase of the periodic field are denoted by ff* and ¢$. The simple choice for the time
dependence of the pulses is convenient for theoretical work. In practice, NMR experiments use much more
complicated pulses of electromagnetic radiation [42, 43].

3. QCE: Quantum Computer Emulator

The model parameters in the above Hamiltonians are determined by the specific experimental systems
that are simulated. The present version of QCE (8.1.0) can simulate models that are described by the

Hamiltonian
==>" >TSSy >0 Y Hy 1SS, (10)

i#£] A=T,Y,2 j oa=xy,z

with H¥" (t) given by Eq.(9). This Hamiltonian is sufficiently general to include e.g. models for NMR-like
QCs.
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Figure 1. Left: The main QCE window with a set of micro instructions implementing an ideal three-qubit quantum
computer. Right: Set of micro instructions implementing an ideal three-qubit quantum computer and a window with
the quantum program for the CNOT gate operating on the |110) state. The qubits in the final state of the quantum
computer (i.e. the expectation value of the spin operators), are shown at the bottom of the program window (dark
gray (red on screen) = |1), light gray (green on screen) = |0)). QCE has an option to visualize the time evolution of
the state of the quantum computer in terms of arrows representing the expectation values of the qubits (see menu
item “Settings” on the top bar of the main window).

3.1. Quantum algorithms

A QA for QC model (10) consists of a sequence of elementary operations that change the state |®) of the
quantum processor according to the TDSE, i.e. by (a product of) unitary tranformations. We will call these
elementary operations micro instructions (MIs) in the sequel. They are not exactly playing the same role as
MIs do in digital processors. They merely represent the smallest units of operation of the quantum processor.
The action of a MI on the state |®) of the quantum processor is defined by specifying how long it acts (i.e.
the time interval it is active), and the values of all the J’s and h’s appearing in (10). A MI transforms the
input state |®(t)) into the output state |®(t + 7)) where 7 denotes the time interval during which the MI is
active. During this time interval the only time-dependence of H(t) is through the time-dependence of the
external fields on the spins.

The QCE solves TDSE (2) by a Suzuki product-formula [37, 44, 45] in terms of elementary unitary
operations. For all practical purposes, the results obtained by this technique are indistinguishable from the
exact solution of the TDSE.

3.2. Graphical user interface

The graphical user interface (GUI) of QCE has been developed to facilitate the specification of the MIs (to
model the QC hardware) and the execution of the quantum programs (QPs). The QCE runs in a Windows
98/NT/2000/ME/XP environment. Using the GUI requires no skills other than the basic ones needed to
run a standard MS-Windows application. The QCE is freely distributed as a self-installing executable,
containing the program, documentation, and various QPs [38]. The file help.htm [46] contains information
about how to install and how to start the QCE. The QCE starts up in full screen mode and requires the
choice of a MI set. Any of the listed MI sets can be chosen. It can be modified or renamed afterwards.

The main window of the QCE (see Fig. 1) contains a window showing the set of MIs that is currently
active. Tooltips appear when the mouse moves over the buttons. The top bar of the main window contains a
menu item “File” and buttons to create, open and save QPs and menu items to control (“Tools”, “Settings”,
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“Window”) QCE. The menu item “Settings” offers the option to turn on the visualization of the time
evolution of the state of the QC and to generate text files with the numerical results for further processing.
Note that the window, showing the arrows representing the qubits (see Fig. 1), appears for the first time
when a QP is started. The name of the window corresponds to the QP that is executed. QP windows within
the main window can be rearranged using the menu item “Window” or by pressing Ctrl-A. The button
labeled “MI” can be used to create a completely new MI set.

The MI set defines the hardware realization of a QC. Each MI set has two reserved Mls: “Breakpoint”
to allow a QP to pause at a specified point and “initialize” to specify the initial state of the QC (normally
the first MI in a QP). The top bar of the MI set window contains buttons to open, save and copy an MI
set, to create, copy and delete a MI, to sort MIs and to add QPs. The number of qubits of the QC can be
specified by clicking the button showing two qubits on the top bar of the MI set window.

The QCE supports the (non-recursive) use of QPs as MIs (see Fig. 1). QPs can be added to a particular
MI set through the button labeled “QP” (top right of the MI set window). During execution, a QP that is
called from another QP will call either another QP or a genuine MI from the currently loaded set of MIs.
The QCE will skip all initialization MIs except for the first one. This facilitates the testing of QPs that are
used as sub-QPs. A QP calling a MI or QP that cannot be found in the current MI set will generate an
error message and force termination of the execution.

Writing a QA on the QCE from scratch is a two-step process. First one has to specify the MIs, taking
into account the particular physical realization of the QC that one wants to emulate. A new MI set is created
by clicking on the “MI” button at the top of the main window of the QCE. The MI set window offers all
necessary tools to edit and manipulate the MIs. New MIs in the MI set window are obtained by clicking
on the “white page” button at the top of this window. The parameters specifying the MI can then be filled
out. Existing MIs can be edited by double-clicking the MI icon.

The second step, writing a QP, consists of dragging and dropping MIs onto a QP window. New QP
windows are created by clicking on the “white page” button at the top of the main window of the QCE,
old QPs are opened by clicking on the “folder” button at the top of the main window of the QCE or by
double-clicking on a QP in a MI set window.

Execution of a QP on the QCE is realized by the control buttons at the top of the QP program. The
results of executing a QP appear in color-coded form at the bottom of the corresponding QP window. For
each qubit the expectation value of the three spin components (see Eq.(5)) are shown: green (light gray)
corresponds to 0, red (dark gray) to 1. Usually one row of values (the z-component) will be of interest. Note
that in general only QPs can be executed that contain MIs and QPs that are defined in the active MI set.

4. Ideal Quantum Computer

This section discusses the use of QCE as an ideal QC.

4.1. Single-qubit operations

The three components of the spin-1/2 operator S acting on the Hilbert space spanned by the states |0)
and |1) are defined by

. L1/01 y_ L 0 —i . 1/ 1 0
S‘§(1 0>’S_2< i o>’S_§< 0—>’ (11)

in units such that i = 1. By convention this representation is chosen such that |0) and |1) are eigenstates
of S* with eigenvalues +1/2 and -1/2, respectively. In general a rotation of spin j about an angle ¢ around
an axis § can be written as (A = 1)

S (¢, B) = ¢1#5” gao—i¢S” _ ga coq ¢+ €apyS7 sin g, (12)

where use has been made of [SY, S| = iea3,S7, €apy is the totally asymmetric unit tensor (ezy. = €yz0 =
€zay = 1, €aBy = —€Bay = —€y8a = —€a~B; €aay = 0) and the summation convention is used. Rotations of

347



MICHIELSEN, RAEDT

Figure 2. Left: MI set window “Manual” together with the MI window “New” which is edited to become MI “X1”.
Right: MI set window “Manual” together with the QP window “New” which is edited to become QP “000”.

spin j about m/2 around the x and y-axis are often used as basic QC operations. In matrix notation, they
are given by

. 1 ; . 1
XjEezﬂ'Sj/2:ﬁ<1 i>’ ij ezﬂ'S]y/2:E<_1 1>’ (13)

respectively. X; and Y; represent operations on single qubits. The matrix expressions for the inverse of the
rotations X; and Y;, denoted by X; and Y; respectively, are obtained by taking the Hermitian conjugates
of the matrices in (13). With our convention (0Y;57Y;|0) = —1/2 so that a positive angle corresponds to
a rotation in the clockwise direction. For a two-qubit QC we have

1
X1:_

= (14)

O = O =
SO = O
O = O S
_ O SO

where |b1by) = |b1)|b2) and b; = 0, 1. For example X;]10) = (|10)+4]00))/v/2 and X1 |10) = (]10)—i|00))/+/2.
Using the same labeling of states as in (14) we have

1 1 0 0
1|l -1 1 0 o0

n:ﬁ o o0 1 1|’ (15)
0 0 -1 1

e Y3[10) = (110) — [11))/v2 and T[10) = (|10) +11))/v2.

The rotations Xj, Y; and X, Y; can be implemented as MIs on the QCE. For example, on a three-qubit
QC, this can be done as follows: Start up the QCE and choose one of the MI sets. Create a new MI set by
clicking on the button “MI” on the toolbar of the main window and name the new MI set “Manual”. Click
on the button with the two qubits (at the top of the MI set window) and choose the number of qubits to
be equal to three. Create a new MI by clicking the “white page” button at the top of the MI set window.
An MI window with the name New opens. Give the MI the name X1 and optionally type the text “rotation
of pi/2 about x, qubit 1, clock-wise !” in the description field. The parameters need to be chosen such
that —i7 H;geqr = imSy /2, where H;geqr is given by (6). In practice we put hf =1 (field (Hx.0,1) in Fig. 2),
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Table 1. Input and output states and the corresponding expectation values (Q7,Q3) of the qubits for the CNOT
operation.

Input state  Qf Qj | Output state QF Q3

00} 0 0 00} 0 0
01) 0 1 01) 0 1
110) 1 0 11) 11
11) 11 110) 1 0

7/271 = 1/4 (“Time step” in Fig. 2), “Main steps” = “Intermediate steps = 1” and leave all other parameters
equal to zero (see Fig. 2). The execution time 7 of a MI is determined by four parameters. There is an
option to select the unit of time: Here it is convenient to express time in units of 2w. The total execution
time is given by (Main steps)*(Intermediate steps)*(Time step). “Main steps” controls the pace at which
(visualization) output is generated. Taking a too large value of “Main steps” may have negative impact on
the real-time performance of the QCE. The MIs X; for j = 2,3 can be copied from X; by using the button
with the overlaying pages. MIs Y; and Yj, 7j can be constructed in a similar way. MIs can be deleted by
first selecting them and by then clicking on the delete button (cross) on the toolbar of the MI set window.

4.1.1. Hadamard gate

The Hadamard gate, a single-qubit gate, is one of the most useful quantum gates. The Hadamard operation
rotates the state |0) into (|0) + [1))/+v/2 (up to an irrelevant phase factor), i.e. the uniform superposition
state. In terms of the elementary rotations X and Y the Hadamard operation on qubit j reads

W, = X2V, =YX = -X.¥, = -V, X, = — ( 1 _1 > . (16)

For example

Wj|o>:Wj<é>=£<i>. (17)

The Hadamard operation can be generalized to any number of qubits [1]. The generalized operation is known
as the Hadamard transform or as the Walsh-Hadamard transform. This operation consists of N Hadamard
gates acting in parallel on N qubits. For example for N = 2, W,W7|00) = —(]00) + |01) + |10) + |11))/2.
The Walsh-Hadamard transform produces a uniform superposition of all basis states.

4.2. Communication between two qubits

Computation requires some form of communication between the qubits. Two qubits j and k “communi-
cate” with each other through the controlled phase shift

eivoo 0 0
B 0 €% 0 0

4.3. Two-qubit operations: CNOT gate

A fundamental two-qubit operation is provided by the CNOT gate. The CNOT gate flips the second
qubit if the state of the first qubit is |1), i.e. the first qubit acts as a control qubit for the second one,
see Table 1. An arbitrary QA can be written as a combination of the CNOT function and single-qubit
operations (universal gates) [1]. On an ideal QC the CNOT gate can be implemented by a combination of
single-qubit operations and the controlled phase shift.
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Figure 3. MI set window “Manual” together with the QP windows “000”, “100”, “010” and “110”.

From Table 1 it can be seen that the CNOT gate can be written in matrix notation as

100 0
_ 1|0 100
0010

In order to bring the above matrix into a similar form as the controlled phase shift, the matrix needs to
diagonalized. This may be done as follows

(n o N\_(L o0 o e
CNOT_<O 25%0)_( : 2723516)_1/2 Ys = e °VolnYs,  (20)

o OO
[ ]
o= O O
—_— o O O

where I denotes the 2 x 2 identity matrix for qubit 1, and e~*“ is a global phase factor. From Eq.(18) and
Eq.(20) it follows that

eidoo 0 0
0 eldor 0

oSO O
[N ]
o= OO
= o oo

112 = 0 0 6i¢10 0 = 6ia 5 (21)
0 0 0 en -
so that (Z)()() = (Z)01 = ¢)10 = o and ¢)11 = —T.
We can implement the controlled phase shift, I1o = e *"# | by means of the Ising model
H =—-JS8;55 — h(S7 + 53). (22)

Then the values for ¢, are ¢pog = 7(J/4+ h), ¢po1 = ¢10 = —7J/4 and ¢11 = 7(J/4 — h). With these values
for ¢, and the condition ¢gg = ¢o1 = P10 = @, $11 = o — 7, we find that h = —J/2 and Jr = —n. Hence
the CNOT gate can be implemented as Y I;,Y5 with the conditions h = —J /2 and 7J = —.

We now describe the main steps of how to program an ideal three-qubit QC so that it gives the outcome
of a CNOT gate operating on the |110) state. The final result can be found in the MI set “gates” and the
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Figure 4. Left: MI set window “Manual” together with the QP windows “cnot_12” operating on the state [110).
The QP “cnot_12” stops at the MI “Breakpoint”. The three components of the three qubits are shown at the bottom
of the QP window: Q7 = Q35 = Q% = QY = QY = QY = 0.5 (greenisch brown or middle gray), Q7 = Q35 = 1 (dark
gray or red) and Q3 = 0 (green or light gray), corresponding to the state |[110). Right: MI set window “Manual”
together with the QP window “cnot_12” operating on the state |110). The three components of the three qubits
are shown at the bottom of the QP window: Qf = Q3 = Q5 = QY = Q4 = Q4 =05, Q] =1 and Q5 = Q5 =0,
corresponding to the state |100), the correct final state of the quantum computer.

QP “cnot_12” (see Fig. 1), included in the QCE software distribution. We start from the MI set “Manual”
built in section 4.1. First the QC has to be initialized (setting each of the three qubits to |0)) and then the
first and second qubit have to be put in the state |1). We accomplish this on the QCE by creating the QP
“110” which consists of the QPs “000”, “100” and “010”. We first make QP “000”, which only contains the
MI “initialize”, a reserved MI in the QCE (see section 3.2), and puts the QC in the state |000). Starting
from the MI set “Manual” open a new QP by clicking on the “white page” button or the menu item “File”
on the top bar of the main window. A QP window named New opens. Drag the MI “initialize” from the
MI set window “Manual” and drop it on the QP window (see right-hand side of Fig. 2). Save the QP by
clicking on the save button (diskette) on the top bar of the QP window or by clicking the menu item “Tools”
on the top bar of the main window and choose “Save program” or “Save program as”. The “Save program
as” window opens showing the QCE directory. If the subdirectory “Manual” does not yet exist, first create
it using the standard Windows procedures and save the QP as “000.qcp” in “Manual”. Add QP “000” to
the MI set “Manual” by clicking on the “QP” button on the top bar of the MI set window “Manual”. The
“Add Quantum Program” opens, showing the subdirectory “Manual”. Select “000.qcp” and click on open
or press enter. Using the same procedure as described above we create QP “100” and QP “010”. QP “100”
(QP “010”) consists of two MI’s “Y7” (“Y2”) and rotates clock-wise qubit 1 (qubit 2) about = around the
y-axis. Finally we create QP “110” by a similar procedure but now we drag the QPs “000”, “100” and
“010” from the MI set window Manual on a new QP program window (see Fig. 3). The instructions in the
program window can be rearranged by clicking on the instruction that you want to move and dragging it
to the instruction below which you want to place it. The instruction is dropped below the instruction that
becomes high-lighted during this movement. Instructions can be deleted by first selecting them and by then
clicking on the delete button in the toolbar of the QP window. QP “110” puts the QC in the state |110),
the starting position for our particular example. The QPs can now be closed by clicking on the cross in the
top right corner of the QP windows.

The next task is to implement the CNOT gate itself. Create a new QP and call it “cnot_12”. This QP
needs to compute Y 3112Y> on the state [110). Since operations need to be read from right to left we first put
the QC in the state |110) by dragging the QP “110” on the QP “cnot_12” window. For debugging reasons
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we drag MI “Breakpoint” on the QP window. This allows us to check whether we start from the correct
input state. Second we rotate clock-wise qubit 2 about 7/2 around the y-axis by means of MI “Y5”. This
brings the QC in the state (]100) + |[110))/+/2. Then we apply the controlled phase shift I;2. We construct
MI “i19” by taking the parameters such that h = —J/2 and Jr = —m, i.e. J& = =1, hf = hi = 1/2,
7/271 = 1/2, “Main steps” = “Intermediate steps” = 1 and leaving all other model parameters equal to zero.
Apart from some global phase factor this brings the QC in the state (|100) — [110))/+/2. Finally operating
with Y on this state results in the final state |100) of the QC.

Run (step by step) the QP “cnot_12” by clicking on the corresponding play button in the QP window
(or press Alt-F5). The program stops at the breakpoint. This is indicated by the arrow in front of the MI
“Breakpoint”. The values of the qubits appear when the mouse is moved over the bottom region of the QP
window: QF = Q% = Q% = QY = QY = QY = 0.5 (greenisch brown or middle gray), Qf = Q3 = 1 (dark gray
or red) and Q3 = 0 (green or light gray), corresponding to the state |[110) (see Fig. 4). We can now stop the
program by clicking at the stoplight button, continue or step back by clicking the appropriate buttons. We
continue by clicking on the play button. The program finishes and the expectation values of the three qubit
components become: QF = Q% = Q% = QY = QY = Q% = 0.5, Q7 = 1 and Q3 = Q5 = 0, corresponding to
the state |100), the correct final state of the QC (see Fig. 4).

4.3.1. Operation of CNOT gate on singlet state

In the previous section we have demonstrated the operation of the CNOT gate on the state |110), a simple
basis state. In what follows we demonstrate how the CNOT gate operates on an entangled state such as the
singlet state, |singlet) = (|01) — [10))/v/2.

We first have to bring the QC in the singlet state. Assume that the QC is in a state |00). Applying the
rotation operator Y; yields (|00) —|10))/v/2. Next we apply to ¥7]|00) the rotation operator Y. This gives
(|00) + |01) —|10) —|11))/2. Application of the controlled phase shift I15, as defined in Eq.(21) with a = 27

gives I12Y2Y1]00) = (|00) + |01) — [10) 4 |11))/2. Finally, we again apply Y5 and find
V2I12Y 2Y1/00) = (|01) — [10))/V2 = [singlet). (23)
Applying CNOT to a singlet state gives
CNOT|singlet) = (|01) — [11))/V/2, (24)

and hence (singlet| CNOT Q% CNOT|singlet) = 1/2. We can obtain a clear-cut answer in terms of expec-
tation values of both qubits by applying additionally Y3

Y1CNOT|singlet) = —|11). (25)

Then, in the final state, Qf = Q3 = 1.

On the QCE we first build the QPs “singlet” and “cnot_singlet” for qubits 1 and 2 and add them to the
MI set “Manual” using the procedure described above (see Fig. 5). Run the QP “cnot_singlet”. The program
stops at the two breakpoints. After the first breakpoint the three-qubit QC is in the state (J010) —|100))/v/2,
i.e. qubits 1 and 2 form a singlet and qubit 3 is in the state [0). We have: Qf = Q% = Q% = QY = QY =

Y =0.5,Qf = Q3 = 0.5 and Q3 = 0. After the second breakpoint the CNOT gate on qubits 1 and 2 has
been applied, resulting in the following values for the qubits: QF = 1, QY = Q% = 0.5, Q% = QY = 0.5,
Q3 =1 and QF = QY = 0.5, Q3 = 0. At the end of the program the QC is in the state —|110) and

T=Q5=0Q3=0QY=0Q5=0Q%=0.5,Qf =Q3 =1 and Q3 = 0 (see Fig. 5).

4.4. Quantum Fourier Transform

The Quantum Fourier Transform (QFT) is an essential subroutine in e.g. Shor’s factoring algorithm,
the order finding algorithm and phase estimation in general [1, 9]. The QFT is not a new kind of Fourier
transform: it is a particular application of the standard discrete Fourier transform. The latter is defined by
x = Uy where x = (z0,...,2n-1), ¥ = (Y0,---,yn—1) and Uj = ™*/N/\/N. Clearly U is a unitary
matrix. In the context of quantum computation, the vectors x and y are just two different representations
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Figure 5. MI set “Manual” together with the QPs “singlet” and “cnot_singlet” operating on the state |singlet).
The expectation values of the three qubit components are shown at the bottom of the QP window: Qf = Q3 = Q3 =

=Qy=Q% =05, Q7 = Q3 =1 and QF = 0 corresponding to the state £[110), the final state of the quantum
computer.

of the basis vectors that span the Hilbert space of dimension N. The QFT relates the amplitudes in these
two representations:

N-1 N-1 N-1
Z ajlz;) = Z eQMJk/Naﬂyk = Z bjlyk)- (26)
J=0 J7k=0 k=0

Readers more familiar with traditional quantum mechanics recognize the similarity with the coordinate and
momentum representation. For applications in QAs, it is expedient to label the states not by one integer
but by the binary representation in terms of the states of the individual qubits. Then N = 2" where n is
the number of qubits. Exploiting the massive parallelism of the ideal QC, the QFT can be carried out in
O(n) quantum operations [1, 9].

In Fig. 6 we show a quantum network that performs a 4-qubit QFT [9]. The blocks labeled W perform a
Walsh-Hadamard transform and the other blocks perform a controlled phase shift by the angle indicated. Not
shown in the network is the series of SWAP-gates that interchanges the output qubits (1,4) and (2,3) [1, 9],
hence the different labeling of input and output lines in Fig. 6. For the applications that we discuss below,
these interchanges merely add to the operation count and can therefore be omitted.

The right-hand side of Fig. 6 shows the QCE with the MI-set “dft” and QPs that perform the 3 and 4-
qubit QFT algorithm (included in the QCE software distribution). There is a clear one-to-one correspondence
between the network and the QPs. The controlled phase shifts by 7/2, 7/4 and /8 are performed by the
MIs b1(j, k), b2(4, k), and b3(j, k) respectively. For example, to define MI b1(1, 3), we proceed as in the case
of the CNOT gate, i.e., we use Hamiltonian H = —JS; S5 — h(S? 4+ S) with 7J = 7/2, Th = —7 /4.

In Fig. 6 dft3(4) performs a QFT on the initial state |000) (|0000)), yielding the uniform superposition
of the 3(4) qubits. As the uniform superposition can be written as a direct product of superpositions of each
qubit, knowing the expectation values of the three components of each spin is sufficient to characterize the

state. Thus we can easily check the result by reading off the three values per qubit from the bottom of the
QP window.
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Figure 6. Left: Quantum network that performs a 4-qubit Quantum Fourier Transform. W and P denote the
Walsh-Hadamard transform and permutation, respectively. The operations “2” “4” and “8” perform controlled
phase shifts with angles 7/2, m/4 and 7/8, respectively. Right: Ideal quantum computer implementation of a 3 and
4-qubit Quantum Fourier Transform on QCE.

4.5. Finding the period of a periodic function

Assume that we are given the function f(n) = f(n+M) forn =0,...,N—1. On a QC we can determine
the period M as follows. We use one register of qubits to store n and another one to store f(n). As a first
step, the QC is put in the state of uniform superposition over all n. The state of the QC can be written as

1 Nl o M-1 2M—1
W;Inﬂﬂn» = —N{;}WW)HEM |n)|f(n)>+...}
1 M—-1
= 5 2o (m it M)+ [ f(), (27)

where, in the last step, we used the periodicity of f(n). Using the Fourier representation of |n) we obtain

1 = 1
\/—N;IHW(H)) = 5

Assuming that f(n) = f(n') implies n = n’ for 0 < n,n’ < M, the probability py(M) to find the QC in the
state |k) is given by

/

1 4 2Tk M/N | AmikM/N | ) e2mikn/N| )| £(n)). (28)

3
Il
=]
ko
Il
=]

2

pe(M) = (29)

M-1
1 Z (1+e2m'kM/N+e4m‘kM/N+___)
N

n=0

The results for py (M) in the case N = 8 (3 qubits) are given in Table 2. From Table 2 it follows directly
that the expectation values of the qubits are (QF = Q5 = Q3 = 0) if the period M =1, (QF = Q3 = 0,

2 = 0.5) if the period M = 2, (Q% = 0.5, Q3 = 0.375, Q% = 0.34375) if the period M = 3, and (QF = 0,
Q35 = Q% = 0.5) if the period M = 4. Thus, in this simple case the periodicity of f(n) can be unambiguous
determined from the expectation values of the individual qubits.
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Table 2. Probability px (M) to observe the state |k) after performing the Quantum Fourier Transform on the perodic
function f(n) = f(n+ M) forn=0,...,7.

k- pe(M=1) pe(M=2) pp(M=3) pp(M=4)
0 1 0.5 0.34375 0.25
1 0 0.0 0.01451 0.00
2 0 0.0 0.06250 0.25
3 0 0.0 0.23549 0.00
4 0 0.5 0.31250 0.25
5 0 0.0 0.23549 0.00
6 0 0.0 0.06250 0.25
7 0 0.0 0.01451 0.00

4.6. Examples of Quantum Algorithms
4.6.1. Toffoli gate

The Toffoli gate works with two control qubits: Only if for the first two qubits Q7 = Q5 = 1, the third qubit
is flipped (see Table 3). We discuss two different implementations of the Toffoli gate.

A schematic representation of the first implementation is given in Fig. 7 [1, 47]. A dot (control bit) and
a cross (target bit) connected by a vertical line represent a CNOT gate: If the qubit on the horizontal line
with a dot equals one, the qubit on the horizontal line with a cross flips. A similar rule applies to the qubits
connected by a vertical line with endpoints a dot and a square box (see Fig. 7). Only if the control qubit
equals one, operation V or V is carried out.

T T - i
]. - ]_ fim Sefiep ook frder Heb —
Dl & s
e i1 »i| IR 7 | EHEET i
2 | S| O Wiyl >tiory DI & [ [ ]2 DG o | | <[]
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Lagt | o

.
B ¥ (s 3| dhnker
| ¥ ol g2 I w=ini
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34 4 4 -4 -4 |3 s ::; E:E

Figure 7. Left top: Quantum network for the Toffoli gate using CNOT gates and controlled phase shifts V and V.
Left bottom: Quantum network for the Toffoli gate using CNOT gates and single-qubit +7/4 rotations “+4”. Right:
Ideal quantum computer implementation of the two Toffoli gate networks on QCE.

The internal operation of the Toffoli gate is shown in Table 3. The first two colums give all possible
combinations of Q5 and Q5. The next five columns show schematically the outcome of the various operations
that build up the Toffoli gate (see Fig. 7). The colums labeled “CNOT” only show the value of the second
qubit since the first qubit acts as a control bit and does not change. A “x” means that the operation is not
carried out because the control bit is zero. The last column shows the full operation on the third qubit.
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Table 3. Internal operation of the quantum network Fig. 7 (left top) of the Toffoli gate.

Qi Q3|V CNOT V CNOT V| Result

0 0 | x X X X X Q3

0o 1|V X v X x | VVQ3=Q3
1 0 |x 1 v 0 V| VVQi=Q3
1 1|V 0 x 1 V| V2Q3=1-Q3

From Table 3 it follows that operation V has to be constructed such that V2 flips Qs and that V'V is equal
to the identity matrix. These conditions are fullfilled by taking

()

For example,

1 0 0 0
0 1 0 0

Vie=| 4 e/ e | (31)
0 0 ie—iﬂ'/4/\/§ e—iﬂ'/4/\/§

In order to bring the above matrix into a similar form as the controlled phase shift, we first diagonalize this
matrix. This may be done using the same procedure as in section 4.3:

Vig = (Iol 9—1/2 —iﬂ'/é? - Qx >:<Il —1/2 ,—ir/4 X N7 Qz >
e (I2 4 2i5%) 0 2712 (Iz 4+ 2iY 2S5Y3)
1 00 0
=Y, 8 (1) (1) 8 Yo = e Y U2 Y0, (32)
00 0 e/

where I; and I denote the 2 x 2 identity matrix for qubit 1 and 2 respectively, and e~*? is a global phase
factor. From Eq.(18) and Eq.(32) it follows that

eioo 0 0 1 00 0
0 e 0 0 s 010 0

Ue=1 ¢ g et o [T 001 o0 ) (33)
0 0 0 en 0 0 0 e im/2

so that ¢oo = do1 = ¢10 = 5 and ¢11 = B — 7/2. Using the Ising model (22) to implement the controlled
phase shift Uy we find that h = —J/2 and 7J = —n/2 yields Ujy.

From the quantum network on the upper left-hand side of Fig. 7 and Eq.(32) it can be seen that the
Toffoli gate can be implemented by the following sequence of operations

Y3U13Y3Y 2112YoY 3U23Y3Y 2115 YoY 3Us3Y5. (34)

This sequence can be shortened by observing that in some cases a rotation is followed by its inverse. This

leads to o . o
Y 3U13Y 2112Y2U23Y 2112Y2Us3Y5. (35)

The implementation of this version of the Toffoli gate on the QCE is very similar to the one of the
CNOT gate. The QPs corresponding to the sequences (34) and (35) are “toffoli” and “toffoli-optimized”,
respectively. Both QPs are included in the QCE software distribution. We only discuss the latter. Open MI
set “gates” by clicking on the “folder” button on the top bar of the MI set window and open QP “toffoli-
optimized” in the directory “gates” by clicking on the “folder” button or on the menu item “File” on the
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top bar of the main window. QP “toffoli-optimized” acts on the state |110) (see Fig. 7). Execution of the
program brings the QC in the state |111), the correct final state of the QC (see Fig. 7). It is easy to change
QP “toffoli-optimized” so that it runs with other input states. In the QP “toffoli-optimized”, first select
the QP “110” and then delete it by pressing the delete button on the toolbar of the QP “toffoli-optimized”
window. In the MI set “gates” window select another QP that creates another input state and drag it to
the QP “toffoli-optimized” window and drop it on top of the MI “initialize”.

A schematic representation of the second implementation of the Toffoli gate is also given in Fig. 7 and
corresponds to the sequence of operations

A3Y 3153Y3A3Y 3113Y3A3Y 3153Y3 A3, (36)

where A; denotes a rotation of 7/4 around the y-axis. The QP “toffoli2” (see Fig. 7) executes this sequence
of operations and can also be found on the directory “gates”.

4.6.2. Grover’s database search algorithm

As a more complicated example of a QA, we consider Grover’s database search algorithm to find the needle in
a haystack [4, 5]. On a conventional computer, finding an item out of N elements requires O(N) queries [48].
Grover has shown that a QC can find the item using only (’)(\/N ) attempts [4, 5]. Assuming a uniform
probability distribution for the needle, for N = 4 the average number of queries required by a conventional
algorithm is 9/4 [17, 48]. With Grover’s QA the correct answer can be found in a single query [15, 17]
(this result only holds for a database with 4 items). Grover’s algorithm for the four-item database can be
implemented on a two-qubit QC.

The key ingredient of Grover’s algorithm is an operation that replaces each amplitude of the basis states
in the superposition by two times the average amplitude minus the amplitude itself. This operation is called
“inversion about the mean” and amplifies the amplitude of the basis state that represents the searched-for
item [4, 5]. To see how this works it is useful to consider an example. Consider a database containing four
items and functions g;(x), j = 0, ..., 3 that upon query of the database return minus one if x = j and plus one
if  # j. Let us assume that the item to search for corresponds to e.g. number 2 (g2(0) = g2(1) = ¢2(3) =1
and g2(2) = —1). Using the binary representation of integers, the QC is in the state (up to an irrelevant
phase factor as usual)

%) = 5(100) +[01) — [10) + [11). (37

The operator D that inverts states like (37) about their mean reads

1 1 1 1
1 1 -1 1 1

D= 2 1 1 -1 1 (38)
1 1 1 -1

Applying D to |U) results in D|¥) = |10), i.e. the correct answer. In general, for more than two qubits,
more than one application of D is required to get the correct answer [4, 5]. In this sense the two-qubit case
is somewhat special.

Implementation of the above example on a two-qubit QC requires an expression of the preparation and
query steps and of the operation of inversion about the mean in terms of elementary rotations. Initially
we set the QC in the state |00) and then transform |00) to the state (37) by a two-step process. First
we use the Walsh-Hadamard transform to bring the QC in the uniform superposition state: W2W7]00) =
—(]00) + |01) + |10) + |11))/2, where W; is given by Eq.(16). Next we apply a transformation F that
corresponds to the application of g2(x) to the uniform superposition state

0

1
Fy==

2 -1

o O o
o o = O
— o O O
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This transformation can be implemented by first letting the system evolve in time
—iwS; S5

1 . . . .
GW,oW1|00) = QT(|00>+|01>+|10>+|11>) = 5(e—“f/4|oo>+e+“f/4|01>+e+“f/4|1o)Jre—“f/4|11>), (40)

and applying a sequence of single-spin rotations to change the four phase factors such that we get the desired
state. The two-qubit operation G is defined by

e—im/4 0 0 0
0 etin/4 0 0
G = 0 0 hin/a 0 , (41)
0 0 0 e i/

and performs a controlled phase shift. The two sequences Y;X ij and YijYj operating on qubit j are
particulary useful for this purpose since

Y; XY 510) = etA0), VXY 501) = e ), VXY 510) = e TA0), VXY () = P, (42)
We find
— — 1 . . . .
YViX,Y 12X oY o 5(e—“f/4|oo) + eTIm/401) + eTI/410) + e~ /4|11))

1 ) ) ) ) —im/4
_ §(e—zw/4|00> +e—z7r/4|01> +e+317r/4|10> + e—zw/4|11>) _ e .

(|00) 4 |01) —|10) + |11)). (43)

Thus we can construct the sequence F; that transforms the uniform superposition state to the state that
corresponds to g;(x):

Fo=Y1X1Y1Y2XoYoG, Fi = V1 X Y12 XoY2G, Fo =Y X1V 1Yo XoY oG, F3s=Y1X1Y1Y2XoY2G. (44)

Finally we need to express the operation of inversion about the mean, i.e. the matrix D (see (38)), by a
sequence of elementary operations. It is not difficult to see that D can be written as

D= W1W2 W1W2 = W1W2PW1W2. (45)

oo o
oo~ o
I
o~ oo
— o oo

The same approach that was used to implement go(z) also works for the controlled phase shift P (= —Fp)
and yields L
P=Y1 XY 1Y2X,Y,G. (46)

The complete sequence U; operating on |00) reads
U; = WiWo, PWiWo F;Wo Wi (47)

Each sequence U; can be shortened by observing that in some cases a rotation is followed by its inverse.
Making use of the alternative representations of the Walsh-Hadamard transform W; (see Eq.(16)), the
sequence for e.g. 7 = 1 can be written as

W1W2F1 = —X1X1?1Y2Y2?2Y1Y1?1Y'2X2?2G = —X1?1Y2?2G. (48)

The sequences for the other cases can be shortened as well, yielding

Uy = X1V 1XoVoGX1Y 1 X2V oG X0 XoY o X1 X1Y 1,
Ui = XiY1XoYoGX1Y 1 XY oGXoXoYoX1X1Y 1,
Uy = XiY1XoYoGX1Y1XoYoGXoXoY X1 X 1Y,
U3 = X1YV1XoVGX1Y1 XY G XX Yo X1X1Y . (49)
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Figure 8. MI set window “Ideal” together with the QP windows “grov0”, “grovl”, “grov2” and “grov3”, implement-
ing Grover’s database search algorithm on a two-qubit quantum computer for the four different cases go(z),. .. gs(z).

Note that the QAs (49) are by no means unique: Various alternative expressions can be written down by
using the algebraic properties of the X’s and Y’s. Sequences (49) return the correct answer, i.e. the position
of the searched-for item. This is easily verified on the QCE. Open on the QCE the MI set “Ideal” and
open the QPs “grov0”, ..., “grov3” in the directory “grover” (see Fig. 8). In the MI set “Ideal”, MI “tau”
corresponds to the operation G. To implement G using (22) the parameters in MI “tau” are chosen such
that h =0 and (7/27)J = —1/2. Running the four QPs results in

Uol00) = [00),  U:1]00) = [10), U2|00) = |01), Us|00) = [11), (50)

as can be seen from Fig. 8. Using the binary representation of integers with the order of the bits reversed,
the final state of the QC gives the location of the item in the database. Hence QP “grov0”, “grovl”, “grov2”
and “grov3” return 0, 1, 2 and 3, respectively, which are the correct answers.

4.6.3. Finding the order of a permutation

As an illustration of using the QCE to determine the period of a function we consider the problem of finding
the order of a permutation [30]. An experimental realization of this QA on a 5-qubit NMR QC for the case
of a permutation of 4 items is described in Ref. [30]. The theory in this section closely follows Ref. [30].
The problem is defined as follows: Given a permutation P of the integers {0,1,...,N — 1} and an integer
0 <y < N —1, the order r(y) is the smallest integer for which P"(y)y = y. Thus, the purpose of the QA is
to determine r(y), for a given y and permutation P.

The basic idea of the QA to find the order of a permutation is to exploit the quantum parallelism to
compute P(y), P?(y), P3(y) and P*(y) simultaneously and filter out the power r(y) that yields P"(y)y = y.
Denoting f(n) = P", finding r(y) is the same as finding the period of f(n), a problem that is solved by
invoking the QFT.

First we consider the problem of generating a permutation of N = 4 items. We need two qubits to
specify one of the 4 items. Using the binary representation of the integers {0,1, 2,3} it is easy to see that
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the CNOT operation Cia (the first subscript denoting the control bit) corresponds to the permutation (in
cycle notation) P = (0)(1)(23) that interchanges items 2 and 3. Likewise, Co; generates the permutation
P =(0)(2)(13) and C12C51C12 is equivalent to the permutation P = (0)(1)(23). The remaining interchanges
of two items can be generated by a combination of CNOT gates and NOT operations. Denoting the NOT
operation on the j-th qubit by N;, we find that C12N; = N1Ci2 yields P = (01)(2)(3), C21 N2 = NoCoy
yields P = (1)(3)(02), and Ca1N1C12Co; yields P = (1)(2)(03). Using these elementary interchanges we can
construct any permutation.

The quantum network that carries out the QA to find the order of a permutation P is shown in Fig. 9.
There is a ono-to-one mapping from this network onto the QA to find the period of the function f(n)
(see section 4.5). The first three qubits hold the integer n, qubits 4 and 5 hold y = 2y; + yo. The three
Walsh-Hadamard operations change the initial state |000)|yoy1) into |uuw)|yoy:) where we use the label ”u”
to denote the uniform superposition. Then, we apply the permutations P°y, Ply,..., P7y. In the actual
implementation, the sequence of CNOT and NOT operations that implement the permutation P need to be
replaced by Toffoli and CNOT gates respectively because (the power of) P is applied to the fourth and fifth
qubit (representing the integer y), conditional on the state of the first three qubits. Finally, we perform a
QFT on the first three qubits and consider the value of the first three qubits Qf, @3, and Q5. As explained
above, in this simple case we can extract the period of the function, and hence the order of P acting on y,
from the values of QF, @5, and Q3.

The MlI-set for this problem is called “order” and the QCE programs themselves can be found in the
folder “order”. In Fig. 10 we show the QCE window with the programs for r =1, r =2, r =3, and r =4
for the permutations P = (0)(2)(13), P = (01)(23), P = (0)(132), P = (3210) respectively. Also shown are
the subprograms that perform these permutations. Executing these programs yields values of the three first
qubits from which (by using Table 2) the correct value of r(y) directly follows.

1 4w -—W—T * 1

2 W * 2 HW T 2

3_W—T A4H2 HWE3

4 — = 4
PL||P2||P*

3 — = 3

Figure 9. Quantum network of a quantum algorithm to find the order of a permutation of 4 items. W and P*
denote the Walsh-Hadamard transform and k applications of the permutation P, respectively. The operations “2”
and “4” perform controlled phase shifts with angles w/2 and 7/4, respectively.

4.6.4. Number factoring: Shor’s algorithm

As another illustration of using the QFT to determine the period of a function we consider the problem of
factoring integers, i.e. Shor’s algorithm. For the case NV = 15, an experimental realization of this QA on a
7-qubit NMR QC is given in Ref. [35]. The theory in this section closely follows Ref. [36].

The theory behind Shor’s algorithm has been discussed at great length elsewhere [1, 3, 9]. Therefore we
only recall the basic elements of Shor’s algorithm and focus on the QCE implementation of the algorithm
for the case N = 15. Shor’s algorithm is based on the fact that the factors p and ¢ of an integer N = pq can
be deduced from the period M of the function f(j) = a’modN for j = 0,...,2" — 1 where N < 2". Here
a < N is a random number that has no common factors with V. Once M has been determined, at least one
factor of N can be found by computing the greatest common divisor (g.c.d.) of N and aM/2 41,
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Figure 10. Left: Ideal quantum computer implementation on QCE of a quantum algorithm to find the order of a
permutation of 4 items. Right: Ideal QC implementation on QCE of Shor’s algorithm to factor 15.

Compared to the example of the previous section, the new aspect is the modular exponentiation a”modN.
For N = 15 this calculation is almost trivial. Using the binary represention of j we can write a"modN =
@ line1 | g2hgiomodN = (a®"” Y- 1modN). .. (a*'modN)(a’*modN)modN, showing that we only need
to implement (a2kjkm0dN). For N = 15 the allowed values for a are a = 2,4,7,8,11,13,14. If we pick
a=2,7,8,13 then a2’ modN = 1 for all k > 1 while for the remaining cases we have a2’ modN = 1 for all
k > 0. Thus, for N = 15 only two (not four) qubits are sufficient to obtain the period of f(j) = a’modN [36].
As a matter of fact, this analysis provides enough information to deduce the factors of N = 15 using Shor’s
procedure so that no further computation is necessary. Non-trivial quantum operations are required if we
decide to use three (or more) qubits to determine the period of f(j) = a’modN [36]. Following Ref. [36] we
will consider a 7-qubit QC with 4 qubits to hold f(j) and three qubits to perform the QFT.

In essence the quantum network for the Shor algorithm is the same as the one shown in Fig. 9 (and
therefore not shown) with the permutations (two qubits) replaced by modular exponentiation (four qubits).
The quantum networks to compute a’modl5 for j = 0,...,7 and a fixed input a are easy to construct.
For example, consider the case a = 11 = [1011). If j is odd then 11mod15 = 11 and the network should
leave |1011) unchanged. Otherwise 119mod15 = 1 and hence it should return [0001). The network for this
operation consists of two CNOT gates that have as control qubit, the same least-significant qubit of the three
qubits that are input to QFT. The sequence of CNOT and Toffoli gates that performs similar operations for
the other cases can be found in the same manner.

The results of this excercise are shown in the right-hand side of Fig.10 where we present a snapshot of
the QCE implementation. The three QPs at the top show Shor’s algorithm for the case a = 2,7,11. The
examples @ = 7,11 are taken from Ref. [36]. The QPs for the corresponding modular exponentiation are
shown in the lower part. In this simple case, we can determine the period of the function f(j) = a/modN
from the expectation values of the first three qubits. For a = 2,7 we find (QF = 0, Q3 = 0.5, Q% = 0.5)
and hence the period M = 4, yielding the correct factors g.c.d.(7> £1,15) = 3,5 of N = 15. Similarily,
for a = 11 we find (Qf = 0, Q5 = 0, Q5 = 0.5) corresponding to the period M = 2 and the factors
g.c.d.(11+1,15) = 3, 5.

4.6.5. A three-input adder

This subsection gives another illustration of the use of the QFT: A quantum algorithm to add the content of
three 4-qubit registers. This example is taken from the PhD thesis of S. Bettelli [49]. The quantum network
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Figure 11. Quantum network of a three-input adder, as described in Ref. [49]. The algorithm performs a Quantum
Fourier Transform (QFT) of register 3 (qubits 9 to 12), adds the content of register 2 (qubits 5 to 8) and the content
of register 1 (qubits 1 to 4), followed by a QFT on register 3 to yield the final answer (register 1 + register 2 +
register 3 mod16). W denotes the Walsh-Hadamard transform. The operations “+17, “4+2”, “+4” and “£8” perform
conditional phase shifts with angles +m, +m/2, +7/4 and +7/8, respectively. Squares that touch each other indicate
operations that can be done simultaneously.

of the complete circuit is shown in Fig. 11. The modular structure of this approach is clear. Note that
with respect to the QFT network of Fig. 6, both the labeling of qubits and the order of operations has been
reversed. The former is merely a change of notation and the latter allowed because quantum algorithms
are reversible (unitary transformations) by construction [1]. The basis idea of this algorithm is to use the
QFT to first transfer the information in a register to the phase of the amplitudes, then use conditional phase
shifts to add information from the two other registers and finally QFT back to the original representation.
Note that this quantum network differs considerably from the one described in Ref. [47] and is also easier
to implement.

The QCE implementation is shown in Fig. 12. The correct results of the three examples (1+1+1, 1+2+3,
and 94+949) provided in the QCE software distribution can be read off from the bottom of the QPs. Not
shown in Fig. 12 because of lack of space are many of the MIs and the parts of the QPs that set the initial
state of the three four-qubit registers. Also clear from this example is that programming more complicated
examples like this one should not be done by hand: the MlIs and QPs for this examples have been generated
by another program. Some of the MIs may look rather complicated but that is a little misleading: Whenever
it is logically allowed to perform operations simultaneously, these operations have been put into one MI.

4.6.6. Number partitioning

As the last example, we discuss a QA to count the number of solutions of the number partitioning problem
(NPP) [50]. The NPP is defined as follows: Does there exist a partitioning of the set A = {a1,...,a,} of n
positive integers a; into two disjoint sets A; and A = A — A; such that the difference of the sum of the
elements of A; and the sum of the elements of As is either zero (if the sum of all elements of A is even) or
one (if the sum of all elements of A is odd)? The simple examples included in the QCE software distribution
may be useful to understand the problem. If A = {1,2,3,4} (see QP “npp1234”) the answer to the NPP
is yes because for A1 = {1,4} and As = {2,3}, the sum of the elements of A; and As are both equal to
five. In this case there are two solutions because we can interchange A; and Ay. If A = {1,1,1,4} (see
QP “nppl114”) the answer is again yes as there is one solution namely A; = {1,1,1} and Ay = {4}. The
difference of the sum of the elements of A; and As is equal to one and that is OK because the sum of all
elements of A is odd. If A = {2,2,2,4} (see QP “npp2224”) there is no solution to the NPP.

The quantum network for the NPP QA is shown in Fig. 13. The basic idea behind this QA is a number
of transformations that reduce the counting of the number of solutions of the NPP to finding the number
of zero eigenvalues of a spin-1/2 Hamiltonian [50]. The largest part (in terms of the number of operations)
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Figure 12. QCE implementation of the quantum network of Fig. 11 for adding three quantum registers of four
qubits each. QPs (from left to right) compute 14243, 14+1+1, and 9+9+9 mod16. Not shown are the MIs that set
the initial values of the three four-qubit registers.

of the QA is a combination of gates that transforms the state of the QC such that the number of solutions
ns is a physically measureable quantity (the expectation values of the 15-th spin). For n = 4 we have
ns = 16,/Q7%5 [50].

In Fig. 13 we show the QCE window with (part of) the NPP MI set and the three examples discussed
earlier. In the final state the values of Q75 are 0.015625, 0.00390625, and 0 respectively. The corresponding
number of solutions is ng = 2, ng = 1 and ng = 0. Clearly the QCE programs correctly solves NPP problems.

5. NMR-like quantum computer
Having described how QCE can be programmed to act as an ideal QC we now turn to the simulation
of physical QCs. In this section we briefly discuss the main steps of going from an ideal, computer-science-
type QC to a more realistic, physical model of QC hardware [37, 50]. We limit our presentation to the
implementation of the CNOT gate and Grover’s algorithm on a two-qubit, NMR-like QC. A more extensive
discussion as well as many other examples can be found in Ref. [40] and in the QCE software distribution.
As a prototype QC model we will take the spin Hamiltonian for the two nuclear spins of the 'H and '3C
atoms in a carbon-13 labeled chloroform molecule that has been used in the NMR-QC experiments [17, 18].

363



MICHIELSEN, RAEDT

I rrr— R
DIEiE| =
| e alz1| ET -l_ld ¢ -J.Jum alTinl
L i e T THEACS| ST EPSTENE1 (=17 S TVASE - FET- TN | -|_ai|
I"'-:F-_' _":-.___ TE&T-E':E-E" En-r"':'i:—.m'"i EE;—.':I.

. Jo L - - .

. |I:I.:,‘:- = ! -|. .:-\.II map -

0. 19 WoRK e T T T
I : IEEEFEEE EEHJ:I.IﬁE rEEII I'I'II.;

10 | e o EERRREE |BEEEC e

Figure 13. Left: Block diagram of the quantum algorithm that solves the number partitioning problem. The first
four qubits are used to represent the integers to be partitioned. Qubits 5 to 8 are used to determine the number of
solutions of the number partitioning problem. The remaining 7 qubits are used to relate ns to a physically measurable
quantity: The expectation value of the 15-th qubit. The unitary transformation U prepares the uniform superposition
of the first 8 qubits, U is the inverse of U, and the combination of INVERT and AND gates sets the 15-th qubit to
one if and only if the first eight qubits are all one. Right: QCE implementation of a quantum algorithm that solves
the number partitioning problem.

The strong external magnetic field in the z-direction defines the computational basis. If the spin is aligned
along the direction of the field the state of the qubit is |0), if the spin points in the other direction the state
of the qubit is |1). In the absence of interactions with other degrees of freedom this spin-1/2 system can be
modelled by the Hamiltonian

Hymr = —J125755 — hiST — h353, (51)

where h% /21 =~ 500MHz, h3 /27 ~ 125MHz, and J = J{,/27 ~ —215Hz [17]. In our numerical work we use
the rescaled model parameters

J=-043x107% hi=1, hi=1/4. (52)

The ratio v = h3/hi = 1/4 expresses the difference in the gyromagnetic ratio of the nuclear spin of the 'H
and 3C atom.

NMR uses radio frequency (RF) electromagnetic pulses to rotate the spins [42, 43]. By tuning the
frequency of the RF-field to the precession frequency of a particular spin, the power of the applied pulse (=
intensity times duration) controls how much the spin will rotate. The axis of the rotation is determined by the
direction of the applied RF-field. By selecting the appropriate RF pulses, arbitrary single-spin rotation can
be carried out. In other words, using RF pulses we can perfom any single-qubit operation. Communication
between the qubits is accomplished through the spin-spin interaction in model (51).

5.1. Single-qubit operations

In NMR experiments it is impossible to shield a particular spin from the sinusoidal field. An application
of a sinusoidal field not only affects the state of the resonant spin but also changes the state of the other
spins (unless they are both perfectly aligned along the z-axis). An analytical, quantitative analysis of this
simple-looking many-body problem is rather difficult. As the values of the model parameters (52) suggest,
the interaction between the spins will have a negligible impact on the time evolution of the spins during
application of the sinusoidal pulse if the duration of the pulse is much shorter than 1/J (we use units such
that 7J is dimensionless). Thus, as far as the single-qubit operations are concerned, we may neglect the
interaction between the two spins (this is also confirmed by numerical simulation of (51), see below). In this
section we closely follow [40].
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We consider the two-spin system described by the time-dependent Schrodinger equation

0 . .
za@(t)) =— [hfo + h3S55 + hi (S sinwt + SY coswt) + h% (S5 sinwt + Sy coswt)| |D(t)), (53)
for two interacting spins in a static and a rotating sinusoidal field. As usual, it is convenient to work in a
rotating frame [42]. Substituting |®(t)) = (51 +52)|W(t)) we obtain
0 z z z z I Tx
i (D) = = [ (W = w)ST + (b5 — w)S5 + hiSY + R3Sy | [w(2)). (54)
Our aim is to determine the conditions under which we can rotate spin 1 about an angle ¢ without affecting
the state of spin 2. First we choose
w = hZ, (55)
i.e. the frequency of the sinusoidal field is tuned to the resonance frequency of spin 1. Then (54) can easily
be integrated. The result is
|(I)(t)> _ eithf(Sf—i—Sé)eitﬁfo eitS2vi2 |(I)(0)>, (56)

where Vom = (0, h%,, hZ, — hZ). The third factor in (56) rotates spin 2 around the vector vy5. This factor
can be expressed as

S, . 1 0 HUvm| . 1 hi —h* —ih® .t Vam]
itSpm Vam _ nm 1 m n m nm
e = ( 0 1 >cos 5 + | Vim| ( ihe he — he >sm — (57)
and we see that the sinusoidal field will not change the state of spin 2 if and only if the duration ¢; of the
pulse satisfies

tilvi] =t \/(hf — h3)2 + (h§)? = 4y, (58)

where n; is a positive integer. The second factor in (56) is a special case of (57). Putting

tlilgf = ¥1, (59)

the second factor in (56) will rotate spin 1 about ¢; around the y-axis. Therefore, if conditions (55), (58),
and (59) are satisfied we can rotate spin 1 about ¢; without affecting the state of spin 2, independent of the
physical realization of the QC. However, the first factor in (56) can still generate a phase shift. Although it
drops out in the expression of the expectation value of the qubits, it has to be taken into account in a QC
calculation because this phase shift depends on the state of the spins. Adding the condition

tlhi = 47Tk’1, (60)
where k; is a positive integer (h7 > 0 by definition), the first factor in (56) is always equal to one. A last
constraint on the choice of the pulse parameters comes from the fact that

§=qht , hs=AhY 5 a=u=zy,z (61)

Without loss of generality we may assume that 0 < v < 1.
Using conditions (55), (58), (59), (60), and (61) and reversing the role of spin 1 and spin 2 we obtain

2 2 1 1 2
A sl P2
-+ (5r) =mt o - PBr s (5r) =7 (62)
where ki1, ko, n1, and no are positive integers. The angles of rotation about the y-axis can be chosen such
that 0 < 1 <27 and 0 < @o < 27. Of course, similar expressions hold for rotations about the z-axis.

In general (62) has no solution but a good approximate solution may be obtained if 7 is a rational number
and k1 and ko are large. Let v = N/M where N and M are integers satisfying 0 < N < M. It follows that
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the representation k; = kM N? and ko = kNM? will generate sufficiently accurate solutions of (62) if the
integer k is chosen such that 2kNM (M — N) > 1. In terms of k, N, and M, the relevant physical quantities
are then given by

t1hi
21

Ba; 1 ®1 tth ila 1 »2
= 2kM N? . ——— =1 — ok 2 = =,
" k¥ 2kMN?Z227x’ 2 " hE 2kM3 27

(63)

We have derived conditions (63) under the assumption of ideal sinusoidal RF pulses. In experiment there
is no such limitation: the sinusoidal fields may be modulated by almost any waveform [43, 51]. However,
the fact that in QC applications it is necessary to use single-spin pulses that do not change the state of the
other spins remains. For general pulses, finding the form of the pulse that rotates spin 1 such that the state
of spin 2 is not affected is a complicated non-linear optimization problem [40].

To summarize: If conditions (55), (58), (59), and (60) are satisfied we can rotate spin 1 about ¢, without
affecting the state of spin 2 and without introducing unwanted phase shifts. In our numerical experiments
we use Eq.(63) to determine the duration of the sinusoidal pulses. These sinusoidal pulses will then be
optimized in the sense that a pulse that rotates spin 1 (2) will change the state of spin 2 (1) only slightly if
k satisfies 2kNM (M — N) > 1.

5.2. Two-qubit operations

In section 4.3 we implemented the CNOT sequence (20) using the Ising model (22). Some modification is
necessary to account for the fact that the two nuclear spins feel different static fields (see (51)). Comparison
of (22) with (51) shows that the implemention of the CNOT operation requires additional rotations:

CNOT = ?26—i7(hf—h)5’f e—iT(hg—h)Sé e—iTHN]\/IRY'Q _ VQe—iT(hf—h)Sf e—iT(hg—h)SéYVQVQe—iTHNMRY'Q, (64)

where we used the fact that Y5Y s = 1. The extra phase shifts in (64) can be expressed in terms of single-qubit
operations. The identities

e TTMST — Vi XV = X1V Xy, e TS = Vo XUV, (65)

define the single-spin rotations X7, Y/, and X}.
In the case of Grover’s database search algorithm, the representation of G in terms of the time evolution
of (51) reads

G = e—iﬂ'SlSQ — e—iThfoe—iThéSée—iTHNj\/jR —_ YéXéIVQYiXilyle_iTHNNIR (66)
where 7 = —x/J. This choice of 7 also fixes the angles of the rotations, and also all parameters of the

operations X and X7
As (65) suggests, there are many different, logically equivalent sequences that implement the CNOT gate
on an NMR-like QC. We have chosen to limit ourselves to the respresentations

CNOT; = Y1 X[V 1 X,VoI'Ys, CNOTy = V1 X, X,V YoI'Ys, CNOTs = X Y{ X,V X1I'Ys,  (67)

where we introduced the symbol I’ to represent the time evolution e~ ""#NMR with 7 = —7/.J.

On an ideal QC there is no difference between the logical and physical computer and the sequences (67)
give identical results. However, on a physical QC such as the NMR-like QC (51) this is not the case. On a
physically realizable NMR-like QC X7 X5 # X5 X, unless 2kNM (M — N) > 1 and (63) are satisfied exactly.
We will use sequences (67) to demonstrate this unpleasant feature of realistic QCs.

5.3. Model parameters

The model parameters for the rotating sinusoidal fields are determined according to the theory outlined
above. We use the integer k to compute all free parameters and label the results of the QC calculation by
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Table 4. Model parameters of single-qubit operations on an NMR-like quantum computer using rotating sinusoidal
fields for the case (k = 1, N = 1, M = 4), see (63). Parameters of model (53) that do not appear in this table
are zero, except for the interaction J = —0.43 x 107° and the constant magnetic fields h? = 1 and h3 = 0.25. The
time-dependent Schrodinger equation is solved using a time step §/2m = 0.01.
T/2m W ht h3 ¢ ht hy ¢y

X1 8 1.00 -0.0312500 -0.0078125 —=/2 -0.0312500 -0.0078125 0

Xo 128 0.25 -0.0078125 -0.0019531 —=/2 -0.0078125 -0.0019531 0

Y1 8 1.00 0.0312500 0.0078125 0 0.0312500  0.0078125 7/2

Y, 128 0.25 0.0078125  0.0019531 0 0.0078125  0.0019531 7/2

X1 8 1.00  0.0559593 0.0139898 —x/2 0.0559593  0.0139898 0

X} 128 0.25 0.0445131 0.0111283 —=/2 0.0445131 0.0111283 0

Y/ 8 1.00 -0.0559593 -0.0139898 0 -0.0559593 -0.0139898 7/2

Xy 8 1.00 0.0872093 0.0218023 —=/2 0.0872093  0.0218023 0

Xy 128 0.25 0.0523256 0.0130914 —7/2 0.0523256  0.0130914 0

the subscript s = 2kM N2. For reference we present the set of parameters corresponding to s = 8 (k = 1)
in Table 4. Multiplying s (the duration of the sinusoidal pulse) with the unit of time (2 ns for the case at
hand) shows that in our simulations, single-qubit operations are implemented by using short pulses that are,
in NMR terminology, non-selective and hard. In contrast to the analytical treatment given in section 5.1, in
all our simulations the interaction J is non-zero.

The two-qubit operation I’ can be implemented by letting the system evolve in time according to Hamil-
tonian Hyprg, given by (51). I’ is the same for both an ideal or NMR-like QC. Note that the condition
7J = —m yields 7/27 = 1162790.6977, a fairly large number (compared to hi = 1, see (51)).

5.4. Results

As a first check we execute all sequences on a QCE implementation of the ideal QC and confirm that
they give the exact answers (results not shown). It is also necessary to rule out that the numerical results
depend on the time step § used to solve the time-dependent Schrodinger equation. The numerical error of
the product formula used by QCE is proportional to 62 [52]. It goes down by a factor of about one hundred
if we reduce the time step by a factor of 10. Within the two-digit accuracy used to present our data, there
is no difference between the results for § = 0.01 and 6 = 0.001.

In Table 5 we present simulation results for CNOT? acting on one of the basis states and Y;CNOT?® acting
on a singlet state, using the three logically equivalent but physically different implementations CNOT}q,
CNOT3 and CNOTj (see Eq.(67)). It is clear that some of the least accurate implementations (s = 8)
do not reproduce the correct answers if the input corresponds to one of the four basis states. Moreover,
if the operations act on the exact singlet state, the results strongly depend on the CNOT implementation
if s < 32. In agreement with the theoretical analysis given above, the exact results are recovered if s is
sufficiently large. The pulses used in these simulations are so short that the presence of a non-zero J has a
negligible effect on the single-qubit pulses. These simulations convincingly demonstrate that in order for a
QA to work properly, it is not sufficient to show that it correctly operates on the basis states.

In contrast to computation in the classical framework, quantum computation can make use of entangled
states. At the point where the QA actually uses an entangled state, the QA is most sensitive to (accumu-
lated) phase errors. As another illustration of this phenomenon, we present in Table 6 some typical results
obtained by executing Grover’s database search algorithm. We used the same NMR-like QC as for the
CNOT calculations. We conclude that reasonably good answers are obtained if s > 32, in concert with our
observations for the CNOT operation.

5.5. Physical QCs: generic features

In contrast to a conventional computer, a QC accepts as input linear superpositions of basis states and
can return superpositions as well. If a quantum gate correctly operates on each of the basis states, it will
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Table 5. Expectation values of the two qubits as obtained by performing a sequence of five CNOT operations on an
NMR-like quantum computer. The initial states |10), [01), |11), and |singlet) = (|01) — [10))/+/2 have been prepared
by starting from the state |00) and performing exact rotations of the spins. The CNOT operations on the singlet
state are followed by a 7/2 rotation of spin 1 to yield a non-zero value of qubit 1. The time s = 7/27 = 2kM N>
determines the duration and strength of the sinusoidal pulses through relations (63), see Table 4 for the example of
the case s = 8. The CNOT operation itself was implemented by applying the CNOT sequence given by (67). On an
ideal quantum computer, CNOT* is the identity operation. For s = 256 all results are exact within an error of 0.01.

Ideal QC s=238 s=16 s =232 s =064
Operation QI Q3 | QT QF | Q QF | QT QF | QF Q3
(CNOT})?|00) 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00
(CNOT2)?|00) 0.00 0.00 | 0.24 0.76 | 0.50 0.26 | 0.20 0.07 | 0.06 0.02
(CNOT3)?|00) 0.00 0.00 | 0.23 0.76 | 0.50 0.26 | 0.20 0.07 | 0.06 0.02
(CNOT;)?|10) 1.00 1.00 | 1.00 1.00 | 1.00 1.00 | 1.00 1.00 | 1.00 1.00
(CNOT2)?|10) 1.00 1.00 | 0.76 0.24 | 0.50 0.74 | 0.80 0.93 | 0.95 0.98
(CNOT3)?|10) 1.00 1.00 | 0.77 0.24 | 0.50 0.74 | 0.80 0.93 | 0.95 0.98
(CNOT;)?|01) 0.00 1.00 | 0.00 1.00 | 0.00 1.00 | 0.00 1.00 | 0.00 1.00
( )°|01)
( )°|01)
( )°[11)
( )°[11)
( )

CNOT3)?|01 0.00 1.00 | 0.24 0.24 | 0.51 0.74 | 0.20 0.93 | 0.06 0.98
CNOT3)%]01 0.00 1.00 | 0.23 0.24 | 0.51 0.74 | 0.20 0.93 | 0.06 0.98
CNOT,)% |11 1.00 0.00 | 1.00 0.00 | 1.00 0.00 | 1.00 0.00 | 1.00 0.00
CNOT,)?|11 1.00 0.00 | 0.76 0.76 | 0.50 0.26 | 0.80 0.07 | 0.95 0.02
CNOT3)?|11) 1.00 0.00 | 0.77 0.76 | 0.50 0.26 | 0.80 0.07 | 0.95 0.02

Y1(CNOT,)?|singlet) | 1.00 1.00 | 0.90 1.00 | 0.03 1.00 | 0.58 1.00 | 0.88 1.00
Y1(CNOT,)®|singlet) | 1.00 1.00 | 0.98 0.24 | 0.95 0.74 | 0.98 0.93 | 0.99 0.98
Y1(CNOT3)®|singlet) | 1.00  1.00 | 0.79 0.24 | 0.55 0.74 | 0.82 0.93 | 0.95 0.98

also do so for any general linear superposition unless the operation generates additional phase factors that
depend on the input state. Of course this does not happen on an ideal QC but, as we have seen in the simple
case of a 2-qubit NMR-like QC, on a realistic QC it is bound to occur.

For each realization of QC hardware, there is a one-to-one correspondence between the QA and the unitary
matrix that transforms the superposition accordingly. A QA will operate correctly under all circumstances
if the whole unitary matrix representing the QA is a good approximation to the ideal one. In other words,
the magnitude and the phase of all matrix elements should be close to their ideal values. It is not sufficient
to have, for instance, two different CNOT gates that operate correctly by themselves: Also the relative
phases that they generate should match. For n qubits there are 2(2™ — 1) complex numbers that specify
the unitary matrix corresponding to a QA. All these numbers should be close to their ideal values, otherwise
the QA is bound to produce wrong answers for some inputs.

6. Summary and outlook

In this paper we have shown how the Quantum Computer Emulator (QCE) can be programmed to
execute a variety of quantum algorithms on different types of quantum computer hardware. An important
topic that we did not touch upon at all is the effect of the interaction of the quantum computer with its
environment (dissipation, decoherence).

Dissipation cannot be treated within the context of the models that the QCE can solve: Instead of solving
the time-dependent Schrodinger equation we need to solve the equations of motion of the full density matrix.
Although still feasible for a small number of qubits N, the computation time now scales with 22V instead
of with 2. The attractive features of QCE, interactivity and real-time performance, are then rapidly lost
if the number of qubits increases. On the other hand, important aspects of decoherence can be studied
within the general model (2) with (10). Hence QCE can be used for this purpose as well. Exploring these
interesting aspects is left for future research.
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Table 6. Expectation values of the two qubits as obtained by running Grover’s database search algoritm on an
NMR-like quantum computer. The time s = 7/27 = 2kM N? determines the duration and strength of the sinusoidal
pulses through relations (63), see Table 4 for the example of the case s = 8. Within two-digit accuracy all results for
s = 256 are exact.

Ideal QC s=38 s=16 s =232 s =064
Tem position | @ Q3 | Qf Q5 | @ @5 | @ @ | QF
0 0.00 0.00 | 0.48 0.53 | 0.15 0.16 | 0.04 0.04 | 0.01 0.01
1 1.00 0.00 | 0.52 0.50 | 0.85 0.15 | 0.96 0.04 | 0.99 0.01
2 0.00 1.00 | 0.55 0.48 | 0.15 0.84 | 0.04 0.96 | 0.01 0.99
3 1.00 1.00 | 0.45 0.50 | 0.85 0.85 | 0.96 0.96 | 0.99 0.99
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